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Summary  
The spatial variability of cement-treated clay is a common concern in geotechnical 
engineering. This study focuses on the spatial variability of soil resulting from deep cement 
mixing (DCM). 
Firstly, by back-analysis of the field data from Marina One and Marina Bay Financial 
Centre (MBFC) in Singapore, it shows that various in-situ water content and dispersed 
curing duration from DCM to testing are two possible causes of variability.  
Secondly, based on generalized hyperbolic relationship (Xiao et al., 2014) a two-parameter 
model was established to predict the probability density function (PDF), mean, variance and 
auto-correlation structure of 28-day equivalent unconfined compressive strength (UCS) in 
cement-treated soil. The precision of prediction was examined by comparing predicted 
results with measured one.  
Finally, in order to characterize soil properties with small amount of data, the reliability of 
three proposed robust criteria was examined by Mont-Carlo simulation and Bootstrapping 
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List of Symbols 
𝒒𝒖     Unconfined Compressive Strength (UCS), unit:  Mpa 
w      water content in in-situ soil, defined as the mass ratio of water and soil in natural soil 





   ratio of cement and soil by mass in soil column 
𝑾
𝑪
       ratio of total water and cement by mass in soil column 
𝒒𝟎      a value defined in Eq. 2.2, unit:  Mpa 
𝐪∞     the limit of 𝑞0, unit:  Mpa 
α        the initial rate of increase in q0 with time, unit:  Mpa/day 
r        a fitted index by Eqs. 2.6 
z        depth in vertical direction. Downward is positive value 
x        axis in horizontal direction 
y        axis in horizontal direction, perpendicular to x-axis 
COV coefficient of variation, defined as the ratio of standard deviation over mean value. 
𝝈 (S)  standard deviation  
𝝁       mean  
 2   
       distance lag,  separated distance between two data points 
SOF(𝜽)   Scale of Fluctuation 
a        the water-cement ratio in cement slurry 
r        strength ratio depending on mixing ingredient; defined in Eqs.5.3 
  





Soft marine clay is a typical soft clay underlain many coastal cities in the world. In 
Singapore, Singapore marine clay occurs over an area covering almost one quarter of 
Singapore Island, which is found in river valleys, river mouths and along the coast. 
Singapore Marine clay is kaolinite-rich clay, of which two divisions are recognized, namely 
upper marine clay (2A) and lower marine clay (2B). Since marine clay’s natural strength is 
generally low, soil improvement is generally required to increase the strength of soil when 
infrastructure is required to be constructed over soft marine clay. One common method of 
soil improvement is cement treatment. Two main methods of cement treatment are widely 
used in many ground improvement projects, namely deep-cement mixing (DCM) and jet-
grouting techniques. Figure 1.1 illustrates a typical construction sequence of soil column 
improved by wet-deep-mixing. By injecting cement slurry into a cut cavity underground, in-
situ soil can be mixed with cement and water, to form a cement-treated soil column. 
The strength of deep-cement mixed columns usually possesses significant spatial 
variabilities (Honjo, 1982, Babasaki et al., 1997, Larsson et al., 2005, Lee et al., 2006, Lee 
et al., 2008, Chen et al., 2011, Lee et al., 2013), which is noticed to be about twice as high 
as variability of strength in natural soil (Bruce et al. 2013). Many factors are attributable to 
the non-uniformity in improved soil, including in-situ soil condition, non-uniform mixing 
process and differences in curing time between installation and testing. 
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Figure 1. 1  A typical construction sequence of lime-cement columns for dry deep mixing (after 
Larsson et al., 2005). 
 
 
1.2. Consideration of Variability in Cement-Treated Soil in 
Current Engineering Practice 
Minimum Amount of Core-Samples 
The most common method of quality control in cement-treatment is by core strength 
measurement. In this method, core samples shall be taken from site after installation for 
strength assessment. Owing to the large variability of strength in cement-treated clay, a 
large number of core-samples are normally required for strength testing. For example, BS 
EN 12716-2001(B/526, 2011) states that:  
“(9.4.2.3) Where relevant, the compressive strength of jet grouted structure should be 
assessed by testing four samples taken from the structure for each 1000 m
3
 of its volume, 
if not otherwise specified by the design.”  
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The Land Transport Authority of Singapore’s standard on quality control of Jet grouting and 
deep cement mixing (LTA, 2010) also states that “…A minimum of 3 samples shall be 
taken from top and middle and bottom of each core for strength and stiffness testing.”  
 
Curing Time’s Impact 
The curing time between installation and testing has a significant influence on the strength 
of the cement-soil mix (e.g. Xiao et al. 2014). This effect is also captured by BS EN 12716-
2001 (B/526, 2011) which states that “(9.4.2.5) The tendency of the strength and modulus 
to increase with time is strongly dependent on the soil type, with longer development for 
higher fine content”. However, BS EN 12716-2001 (B/526, 2011) does not offer any 
specific suggestion on a recommended curing time or methods to account for time-strength 
effect.  As will be seen in the case study for the Marina One project considered herein, more 
than thousand core samples were tested, with curing times ranging from a few weeks to 
several months. All of the measured core strengths were reduced by 10% to a “28-day 
equivalent strengths” in strength testing report. Since the strength is clearly not out by a 
constant amount, this method appears to have no scientific basis whatsoever and is merely 
intended to yield a more conservative strength value.  
 
Criteria on Strength Assessment 
The method of inferring a representative strength for the entire treated soil mass is also 
similarly uncertain. The sample-minima criterion is favoured by BS-EN 12716:2001 (B/526, 
2011) for strength-assessment in cement–treated soil: 
 “(7.3.4) The required statistical minimum strength of mass should be established at the 
design stage, taking into consideration the variability of the soil conditions”.  
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Similarly, LTA (2010) also sets up a minimum targeted value for jet grouting and deep 
cement mixing activities: 
“(Jet grouting) If either of the strength or stiffness test fails to achieve its target value, two 
additional samples in the same core shall be tested for strength and stiffness at no 
additional cost to the Authority. In the event that either of the additional samples fails to 
conform with the requirement, the Jet Grouting work is deemed to have failed.”  
“(Deep cement mixing) A minimum of four samples shall be tested for strength and stiffness, 
and the results shall comply with the minimum requirements specified in the design.”  
The maximum and minimum values are extremely sensitive to the outliers (Garth, 2008). 
Similarly, Wikipedia (2015) noted “The sample maximum and minimum are the least robust 
statistics: they are maximally sensitive to outliers”. This is likely to be particularly so in 
cement-treated soil, which has very high spatial variability.  
In summary, considering the high variability of strength in cement-treated clay, many issues 
shall be considered in current engineering practice. Firstly, effect of curing duration to soil 
strength should be, but has not yet been well quantified. Secondly, a statistically sound basis 
for the number of samples to be collected is still unavailable. Finally, current approach of 
sample-minima criterion can hardly represent the real soil strength with presence of high 
variation in treated soil.  
 
Objective and Outline of this Study 
The object of this study is to examine the spatial variation in strength in cement-
treated marine clay improved using deep mixing by means of field data from two 
sites. As will be discussed in the subsequent chapters, the contribution of this work 
lies in the following aspects: 
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(a) A method of normalizing strength to account for the effect of curing time; 
(b) An alternative method of inferring a representative strength, based on the 
mean and standard deviation and a comparison of its sensitivity with the 
sample minima approach; 
(c) Some statistically derived guidelines on the sample size needed for statistical 
robustness; 
(d) A method of estimating the spatial variation of strength in the field 
considering the spatial variation in cement slurry concentration and in-situ 
variation in water content of the soil. 
Chapter 2 will review the previous and related studies on the variability in 
properties of cement-treated soil. Chapter 3 will provide a detailed description of 
site before and after cement-improvement. Chapter 4 will discussed the 
influence of curing time and water content on strength in cement treated soil. 
Chapter 5 will focus on strength prediction by generalized hyperbolic 
relationships (Xiao et al., 2014). In Chapter 6, robustness of three criteria in soil 
property characterization will be examined and compared by site data. Finally, 
summaries and conclusions will be presented in Chapter 7.   
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2. Literature Review 
 
2.1. Factors Affecting Strength of Soil-Cement Mix 
 
2.1.1. Variation in Mix Ratio 
 
It is well-known that the strength of cement-admixed soil depends intimately on the mix 
ratio (e.g. Gallavresi, 1992; Xiao et al., 2014; Lee et al., 1997). For instance, Gallavresi 
(1992) proposed a relationship between unconfined compressive strength (UCS) of cement-
treated cohesive soil and mixing ratio of water (W) and cement (C). It can be formulated by 
the following equation:  






                                                                   (2.1) 
Where  𝑞0  and n are parameters fitted by experimental results. 
Lee et al. (1997) extended Gallavresi’s relationship to include impact of water content on 
final UCS (see Figure 2.1). His experimental results emphasized that the not only injected 
water in cement slurry, but the variability of water portion in in-situ soil may also contribute 




Figure 2. 1 28-Day strength of cement treated clay prepared from (a) dried pulverized clay and (b) 
slurry clay (after Lee et al, 1997) 
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After that, based on Gallavresi (1992)’s proposal and observations from field data, Lee et al. 











                                                              (2.2) 
in which  q0 is a constant and m and n are indices;  
𝑆
𝐶
   and  
𝑊
𝐶
 are soil-cement ratio, water-
cement ratio in cemented soil column, respectively. In his study, the plasticity index of in-
situ clay was about 59%, hence following parameters are proposed to fit experimental 
results: q0=4000 kPa for 7-days, and 6000 kPa for 28 days, m = 0.62 and n = 3. However, 
by same equation, Xiao et al. (2014)’s testing results were better fitted by q0=13,000 kPa 
and 20,000 kPa for UCS of cement-treated Singapore marine clay with curing time of 7 
days and 28 days, respectively. He selected m and n equal to 0.28 and 2.93, respectively.  
Xiao et al. (2014) concluded that differences between two sets of fitting parameters 
proposed by Lee et al. (2005) and him were due to the disparity in plasticity index of clay in 
two sites. 
Many papers focus on the non-uniformity of binder concentration within one soil column, 
which may lead to the non-uniformity in strength (e.g. Larsson et al., 2005; Lee et al., 2008; 
Lee et al., 2006). For example, Larsson (2001) conducted experimental study on cement 
slurry concentration in lime-cement columns with dry deep-cement mixing technics. He 
observed that cement slurry distribution pattern varies radially within one soil column: 
cement slurry concentration gradually declines from column centre to the edge of column. 
He concluded that the mixing quality is affected by the process of integrating the cement 
slurry by an air jet.  
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2.1.2. Curing Time from Installation to Core Sample Testing 
It is well-established that cement-treated soil gains strength along with curing time (Bruce et 
al., 2013; Mitchell, 1976; Xiao et al., 2014; Al-Tabbaa et al., 2003). For instance, Lu (2014) 
observed that the strength-development in cement-mixed soil can be sub-divided into two 
phases: the rapid strength gain in early age and the slower strength gain in long term 
approaching the strength plateau.   
Al-Tabbaa et al. (2003) traced the long-term time-related development of 𝑞𝑢  in deep-
cement-mixed contaminated soil in a site of UK. In their study, it was observed that soil 
strength increased continuously for up to 2.3 years; in addition, little sign of deterioration 
was observed at 4.5 years after treatment (Figure 2.2). However, the duration in Figure 2.2 
is too long to be useful for estimating unconfined compressive strength of deep-mixed soil. 
For the latter, the typical curing period is between 14 days and 150 days. 
 
Figure 2.2  Time-related development of the unconfined compressive strength in long-term (after Al-
Tabbaa et al., 2003).  
 
Several mathematical models were proposed to articulate the correlation between strength 
and curing time in cement-treated soil, including logarithmic relationships, reversed-linear 
relationships and even more complex composite forms.  
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Mitchell (1976) defined a relationship between Unconfined Compressive Strength (UCS) 
uq  and the curing time t  in a logarithmic form:  
𝑞𝑢(𝑡) = 𝑞𝑢(t0) + 𝑘𝑙𝑛 (
𝑡
t0
)                                                           (2.3) 
He proposed that k=480C for sand, and 70C for silt and clay; C refers to cement content by 
weight; t0 is equal to 28 days. 
The logarithmic form was recommended in Design Manual by Federal Highway 
Administration of USA (Bruce et al., 2013), in which the normalized strength,  𝑓𝑐 is given 
by  
𝑓𝑐 = 0.187𝑙𝑛 (𝑡)  + 0.375                                                         (2.4) 
Where:  𝑓𝑐 = Ratio of UCS at time t to the UCS at 28 days; 
              𝑡 = Curing times in day.  
Verastegui Flores and Di Emidio (2011) compared effects of different cement type on 
hardening pattern up to 60 days. Two admixed cement slurry material are Portland ordinary 
cement and blast furnace slag cement. They highlighted that, shortly after cement mixing, 
samples treated with Portland cement showed the greatest strength-gain; whereas that for 
samples treated with blaster-furnace-slag cement increased more gradually. When strengths 
are normalized by 28-day-strength, the strength-gain curves of soil treated by two types of 
cements follow same logarithmic trend (see Figure 2.3). They proposed this logarithmic 
hardening trend as a guide for strength gain over time. However, the logarithmic 
relationship implies that, as time increases to infinity, so does the strength. This is evidently 
counter-intuitive. As such, the logarithmic relationship is likely to be unsuitable for 
predicting very long period strength gain. 
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(a) Portland Cement (b) Furnace Blast Cement 
Figure 2.3 Normalized UCS versus curing time for (a) Sample treated with Portland cement and (b) 
Sample treated with blast furnace slag cement (after Verastegui Flores et al., 2011) 
 
Lim and Zollinger (2003) proposed a hyperbolic relationship between the UCS and curing 
time, of the form 
𝑞𝑢(𝑡) =  𝑞𝑢(28)
𝑡
a+b𝑡
                                                        (2.5) 
Where  𝑞𝑢(𝑡) = compressive strength at time t,  
            𝑞𝑢(28) = reference 28−day compressive strength, and  
            a, b are experimental coefficients. For cement-treated aggregate based material, Lim 
and Zollinger (2003) proposed that a = 2.5 and b = 0.9.  
One of the limitations of the standard hyperbolic form is that it implies that the rate of 
strength gain with time during early hardening is almost constant. This is not necessarily so. 
To overcome this limitation, Xiao et al. (2014) proposed a generalized hyperbolic 
relationship of the form 






}                                                     (2.6) 
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Where 𝑞∞ is the limit of 𝑞0 in long term, α is the initial rate of increase in q0 with time, and 
r is a fitted index.  Xiao et al. (2014) chose q∞  =39,000 kPa, α = 2000 kPa/day and r = 0.9 
to fit the testing results in his experiments (see Figure 2.4). 
 
Figure 2. 4 Parameter 𝑞0  in Eq. 2.6 versus curing time for cement–treated marine clay samples after 
different curing periods with no curing stress (after Xiao et al., 2014) 
 
Furthermore, by combining Eqs. 2.2 & 2.6, they proposed a general relationship between 
strength, mix ratio and curing time, 



















. Unlike other proposed models (for example, Eqs.2.2, 2.4 & 2.5) which only 
consider influence of curing time or mixing ingredients on final strength, Eq.2.7 suggests 
that the improved soil strength depends on three main factors: in-situ water content, binding 
concentration and curing time. It implies that the high variability of UCS is mainly 
attributable to the variation of water-soil ratio, variation of cement-soil ratio and variation of 
curing time.  
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2.2. Study on Spatial Variability of Properties of Cement-
Treated Clay 
The spatial variation of strength in cement-treated soil is well-documented. For instance, in 
Singapore, Lee (1997) found that COV of unconfined compressive strength (UCS) in jet-
grouted marine clay from the Geylang River project and the Singapore River Reconstruction 
project are 0.3 and 0.52, respectively. Lee also found that histogram of UCS is left-shifted 
(See Figure 2.5). Kawasaki et al. (1984) reported that the coefficient of variation (COV) of 
shear strength of improved soil was observed to be between 0.25 and 0.35 in several 
projects at Tokyo.  Namikawa and Koseki (2013) found that COV of UCS in deep-cement-
mixed soil columns ranges from 0.269 to 0.4 in lower clay layer, which is slightly higher 
than COV in upper sandy layer (Figure 2.6) in coastal areas of Japan. Honjo (1982) 
summarised the statistical analysis of UCS in soil improved by deep-cement-mixing in 
various locations of Japan, and reported coefficients of variation (COV) between 0.21 and 
0.36 in cohesive soil layers, with a higher range of 0.32 - 0.4 in sandy layers. Kasama et al. 
(2012) also reported UCS of cement treated soil in Japan, with mean value of UCS ranging 
from 100 to 7500  kPa and COV of 0.14-0.99. Based on 10 deep-mixing projects in the 
USA, Bruce et al. (2013) reported COV of un-drained shear strength ranging from 0.34 to 
0.79, with a mean value of 0.56 Mpa. Recent reports on coefficient of variation of cement-
treated soil are summarized in chronological order in Table 2.1. 
  
(a) (b) 
Figure 2. 5    Histogram of core sample strength in DSM soil of (a) Geylang River Project.  (b) 
Singapore River Contact 1 and 2. (after Lee, 1999) 
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Figure 2. 6    Profile of unconfined compressive strength of core samples. 𝑽𝑪𝑪 is the coefficient of 
variation.  (after  Namikawa and Koseki, 2013)   
 
Table 2. 1 A summary of coefficient of variation of strength in cement-treated soil in recent reports.  
References Properties COV Soil types Location  





Bay, Koto-ku Ariake, 
Chiba Port, Japan 0.32-0.4 Sandy soil 
Kawasaki et al., 1984 Shear strength 0.25, 0.35 Clay Tokyo 
Lee, 1997 UCS 0.3,0.52 Marine clay Singapore 
Kasama et al., 2012 UCS 0.14-0.99 N.A. 
Various construction 





Coast area,  Japan 
0.2-0.4 Clay 







From 10 deep mixing 
projects in the Unites 
Status 
      
 
In recent years, many researchers have made efforts to determine the factors resulting in the 
high spatial variability in cement-treated soil. Namikawa and Koseki (2013) summarized 
main factors influencing spatial correlation of strength in core samples as follows: non-
uniform distribution of cement content, variation in in-situ soil properties and construction 
conditions. In the Federal Highway Administration Design Manual (Bruce et al., 2013), 17 
key factors resulting in the variability of treated ground (Table 2.2) were classified into 
three categories: site and project characteristics, factors that may be controlled by project 
specifications, and factors that may be controlled by the deep-mixing contractors.   
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2.2.1. Mixing Process 
The statistical characteristics of the spatial variation of cement-treated soil have also been 
found to be related to operational parameters during installation. Using Lee et al.’s (2006, 
2008) data, Chen et al. (2014) fitted an empirical relationship between blade rotation speed 
and UCS within cement-treated columns. The test data was found to lie within three bands, 
depending upon the cement slurry density (See Figure 2.7).   
In a study on dry lime-mixed columns assessed by penetrometer test, Larsson (2005a, 2005b) 
observed a significant influence of blade rotation number in mixing process on the reduction 
of coefficient of variation (Figure 2.8) in strength. However, he reported that the parameters 
of mixing process, with respect to the blade rotation number, may only influence the spatial 
correlation within a short distance of few centimetres. 
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Figure 2. 7  Curve for coefficient of variation with blade rotation number with data from Lee (et al. 
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2.2.2. Other Uncontrollable Factors 
Besides inherent variability of soil structure, inconsistency in mixing process, uncertainty in 
geotechnical monitoring are inevitable error sources in data process. Al-Naqshabandy (2011) 
postulated and classified uncontrollable error sources leading to the high variability in 
cement-treated soil, such as random testing error, statistical error of mean, bias in 
measurement procedure (Figure 2.9). He proposed that the variation in improved soil 
properties shall be the sum of variations caused by each factors listed. In addition, Liu et al. 
(2015) highlighted that positioning errors and off-verticality of mixing shaft in operation 
can also give rise to the variability in improved soil properties.  
 
Figure 2. 9  Summary of sources leading to uncertainty in cement-improved soil properties (after Al-
Naqshabandy, 2011). 
  
2.2.3. Effect of Variation in Soil Property on Design Strength 
In deterministic design, the properties of a given soil type are assumed to be homogeneous. 
In contrast, a stochastic medium possesses significant spatial variation in soil properties and 
this can affect mass performance. For instance, compared to homogeneous soil model, 
variation in soil strength changes the failure load and mechanism, thereby modifying the 
design strength. One aspect of this is reduction in bearing capacity (e.g. Kasama et al., 2012; 
Fenton, 2003; Popescu et al., 2005). Using random numerical simulation, Popescu et al. 
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(2005) demonstrated that the spatial variability of soil’s shear strength results in reduction 
of bearing capacity, compared to corresponding homogeneous soil case. He also found that 
Coefficient of Variation (COV) and Probability Density Function (PDF) of shear strength 
has the greatest effect on the reduction in bearing capacity. Similarly, Kasama et al. (2012) 
pointed out that, for a random soil field with coefficient of variation in shear strength in a 
range from 40% to 80%, the expected mean bearing capacity is approximately 50%-80% of 
that of a deterministic soil. 
 
 
2.3. Summary of Knowledge Gaps and Issues 
Knowledge gaps currently exist in three main aspects of the characterisation and 
consideration of spatial variation in cement-treated ground: 
 
2.3.1. Consideration of Curing Time Effect in Core Strength 
Interpretation 
Based on experimental results, many researchers (Mitchell, 1976; Lim and Zollinger, 2003; 
Xiao et al., 2014) have proposed several relationships to describe the correlation between 
curing time and strength of cement-treated soil. However, few, if any, of these relationships 
have been verified with a large amount of field data, and none has been proposed for being 
used in core strength assessment. In this study, this issue has been examined based on over 
1000 core strength measurements from two sites. By doing so, the applicability of proposed 
time-strength relationships to field data can be critically examined. 
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2.3.2. Influence of Site Condition to the Strength of improved soil 
In-situ soil state and condition often varies from one location to another, even before 
improvement. This may influence the resulting strength of the mix. Several studies 
(Gallavresi, 1992; Lee et al., 2005; Larsson, 2001) reported that different mix ratio (i.e. soil-
cement-water mass proportions) can result in disparity of strength of cement-mixed soil 
from a deterministic point of view. During cement-mixing, in-situ water can be introduced 
in mixing slurry along with in-situ soil. Variation in in-situ water content may be one of 
major sources leading to high variability in strength of cement-treated soil. Although 
experimental reports can derive correlation between in-situ water content and strength of 
cement-treated soil, it is hard and rare to find feedback from site works. In addition, in 
current engineering practice, the design value for water-cement-soil ratio is usually assumed 
to be fixed. Thus, there is a necessity to investigate the influence of in-situ soil condition to 
the strength of improved soil. This issue is examined in this study. 
 
2.3.3. Sample Size and Soil Property Estimation in a Random 
Medium 
In many engineering situations, it is time-consuming and expensive to collect hundreds of 
core strength measurements. Especially in the small projects, there is often a question on 
reliability of measured soil properties if the sample size is small. Amundaray (1994) showed 
that the coefficient of variation and mean of unconfined compression test data are unstable 
for sample size less than 30. Based on result shown in Figure 2.10, he suggested that 30 
probably is a good indicator of representative sample population in soil property 
determination. 
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Figure 2. 10  Mean 
uq  and coefficient of variation vC  of unconfined compression strength of the soil 
versus the number of samples. 1-samples in the original sequence; 2-samples in random sequence 
(after Amundaray, 1994)  
 
Instead of minimum sample size, sample density is required in current practical method of 
estimation via minimum soil strength proposed by LTA (2010) and BS-EN 12716:2001 
(B/526, 2011). However, these criteria appear to be based more on sizes of the sites rather 
than statistical reliability. For instance, LTA (2010) requires that ““…A minimum of 3 
samples shall be taken from top and middle and bottom of each core for strength and 
stiffness testing”. This implicitly assumes that the top-to-bottom variation is a low-order 
function which can be adequately defined by just three points. It is also at-odds with 
Larsson’s (2005) finding that the scale of fluctuation of the strength variation of lime-
treated soil can be short, of the order of a few centimetres. Where the scale of fluctuation is 
so short, interpolation between 3 points may not adequately address the variation. Moreover, 
small sample size will quite often result from small sites. Hence, there is a necessity to find 
robust criteria which can offer reliable statistical evaluation of soil properties even if only a 
small amount of measured data is available.   
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2.4. Scope of Study 
This study examines the above issues using field data from two cement-improvement 
projects in Singapore, namely, Marina One project and Marina Bay Financial Centre 
(MBFC) project. Based on available information from two projects, the scope of study is to 
address the following unknowns and issues related to the spatial variability of cement-
treated clay: 
 
2.4.1. Influence of curing time between installation and core testing 
on the measured strength 
In the Marina One and MBFC sites, soil samples had experienced various durations of 
curing from installation of soil columns to strength testing, which vary from few weeks up 
to hundred days. In order to assess the influence of curing time on strength of cement-
treated soil, accuracy of several time-strength relationships will be examined with data 
samples from two projects. Once the time impact is identified, strength of cement-treated 
soil can be normalized to its equivalent strength corresponding a 28-day curing time, in such 
a way that the ultimate strength can also be predicted.  
 
2.4.2. Effect of in-situ moisture content on the measured strength of 
cement-treated soil 
In the MBFC and Marina One sites, the in-situ moisture content both laterally and vertically 
varies (i.e. with depth). During cement mixing process, the in-situ soil and water were 
mixed with cement slurry within the mixing column. For a constant slurry portion, more 
water will be present in the cement-treated soil if natural soil possesses higher in-situ 
moisture content. Experimental studies (Lee et al., 1997) found that more water in mixing 
may result in low strength of cement-treated soil. In this study, the impact of in-situ 
 23   
moisture content on strength of cement-treated soil will be evaluated with field data from 
MBFC project and Marina One project. If water-strength correlation can be observed in site 
data, the variation in in-situ water content shall not be negligible during soil-improvement 
works. That is to say, the variability of strength in cement-treated soil may depend on the 
distribution of in-situ moisture content in site.   
 
2.4.3. Robustness of criteria for characteristic soil strength in small 
sample size 
There are over 1000 core strength measurements from Marina One project. By the standard 
of cement-soil mixing works, this can be considered as a large sample to represent the real 
strength distribution in cement-treated soil. In contrast, in many small projects, only limited 
amount of sample data are available, and estimation of soil strength might be unreliable. In 
order to reduce the errors in strength interpretation from small datasets, robust criteria of 
characteristic soil strength are proposed. Based on measured soil strength from Marina One 
project, random data of different sizes varying from 20 to 1000 will be generated. Robust 
criteria will be applied on randomly generated data, and their reliability and consistency will 
examined in different sample size.  
If a robust criterion performs consistently regardless of sample size, it can be considered as 
a reliable practice to characterize soil strength, especially in small sample size. One 
potential application is to reduce the required amount of testing samples by LTA (2010) to a 
relatively small amount, in such a way that budgets for soil improvement can be lowered.     
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3. Site Description 
Marine clay of the Kallang Formation underlies almost one quarter of Singapore Island, and 
is mainly found in river valleys, estuaries and coastal area. It is the major constituent of the 
Kallang Formation, mainly consisting of recent deposits of marine, alluvial, littoral and 
estuarine origins (Tan, 1983).  In areas where the marine clay deposit is thick, it is usually 
present in two layers, namely upper marine clay (2A) and lower marine clay (2B). These 
two kaolinite-rich clay layers are usually separated by a stiffer intermediate layer, which is 
widely believed to be the desiccated crust of the lower marine clay. 
The upper marine clay is often classified as an inorganic clay with high liquid limit and 
plastic index (Lee et al., 2005). In general, the upper marine clay is classified as soft even 
very soft clay, whereas the lower marine clay can reach medium stiff at desiccated top (Tan, 
1983).  
In this study, upper and lower marine clay were considered as two different clays due to 
their significantly different in-situ water contents. Generally, upper marine clay possesses a 
much higher liquid limit and plastic limit than lower marine clay. That is to say, the range of 
in-situ water content in upper marine clay is higher than the one in lower water content. 
Table 3.1 and Figure 3.1 show some published data on the Atterberg Limits of Singapore 
marine clay.  
As can been seen in Figure 3.1, even within the small Singapore Island, the Atterberg 
Limits and Water content of the marine clay vary from one location to another. 
Recommended Atterberg Limits can be approximated as follows: Plastic Limits of upper 
and lower marine clays are usually lower than 45% and 30%, respectively; whereas Liquid 
Limits of upper and lower marine clays are usually higher than 80% and 60%, respectively. 
Water content of upper marine clay is reported usually between 60% and 90%; while in 
lower marine clay layer, water content falls between 40% and 60%.  
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Table 3. 1   Summary of Atterberg Limits of Singapore Marine Clay in recent papers L = Liquid 













LL (%) 85 - 92 - N.A. 
PL (%) 25 - 46 - 
Arulrajah and 
Bo, 2008 
WC (%) 70 - 80 40 - 60 Changi Airport 
LL (%) 80 - 95 65 - 90 
PL (%) 20 - 28 20 - 30 
Chong, 2002 
LL (%) - 63 - 80 site of the proposed Singapore National 
Arts Centre PL (%) - 22 - 24 
Chin, 2006  
WC (%) 72 - from 4 to 5m depth below seabed, at a 
dredge site offshore of Pulau Tekong LL (%) 90 - 
PL (%) 40 - 
Tan, 1983 
WC (%) 60 - 110 47 - 70 N.A. 
LL (%) 75 - 115 63 - 80 




WC (%) 60 - 90 50 - 70 N.A. 
LL (%) 80 - 120 60 - 90 
PI (%) 50 - 80 40 - 50 
Tanaka et al., 
2001 
WC (%) 50 - 60 14-28m, Land reclaimed  about 1975 
LL (%) 65 - 80 
PL (%) 40 - 60 
Xiao et al., 
2014 
WC (%) 70 4-5m below seabed off Singapore’s 
north eastern coast LL (%) 88 
PL (%) 38 
 
 26   
 
Figure 3. 1   Summary of Atterberg Limits of Singapore Marine Clay in recent papers  
 
 
3.1. MBFC site 
The Marina Bay Financial Centre (MBFC) is sited on land reclaimed from the sea in the 
1970’s in the Marina South district of Singapore (see Figure 3.2). As part of the MBFC 
construction, the soft marine clay underlying the sand-fill was improved using deep-cement-
mixed column from 8 m to 20 m in depth.   
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Before soil improvement, site investigation was carried out over whole area, with borehole 
layout as shown in Figure 3.3. Figure 3.4 shows a typical in-situ soil profile. In general, the 
upper marine clay layer reaches up to 30 meter in depth. Hence, only the upper marine clay 
was treated by deep-cement mixing. Figure 3.3 enclosed the cement-treated area in bolded 
line. Table 3.2, from Chen (2014), summarized operational parameters of deep cement 
mixing process.  
 
 
Figure 3. 2 Location of MBFC site and Marina One site (Source: Google Maps) 
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Figure 3. 4 Typical in-situ soil profiles before ground improvement in MBFC site. (2A: Upper marine 
clay; 2B: Lower Marine Clay; 2C: Silty Clay; 3A:F1 Kallang Formation; 3B: F2 Kallang Formation; 























































































 29   
Table 3. 2 Deep mixing parameters for Marina Bay Financial Centre (after Chen, 2014) 
Parameters Design values 
Strength and Stiffness Requirements 
Minimum unconfined compressive strength at 28 days ( kPa) 800 
Minimum Young’s Modulus at 28 days ( Mpa) 150 
Operating Parameters 
Water cement ratio (w/c) for cement grout, a 0.9 
Unit weight of cement γb (g/cm
3
) 3.2 
Area covered by one deep mixing column Ac (m
2
) 0.785 
Number of columns simultaneously installed, n 4 
Discharge rate of cement grout for 4-shaft Q (L/min) 480 
Total discharge time per m length of column tb (min) 2.54 
Jack-in speed/withdrawal speed vs (m/min) 0.394/0.394 
Number of blades 4 
Rotational speed of blade, vr (rpm) 27.5 
 
Figure 3.5 shows a three-dimensional scatter plot of in-situ water content in cement-
treated layer. As shown in Figure 3.5, significant variation exists in in-situ water 
content not only in vertical direction, but in horizontal direction as well. In general, 
distribution of in-situ water content in MBFC increases along depth. In some 
measured points, in-situ water content reaches as high as 70%-80% at the deeper parts 
of the soil layer. 
 
 
Figure 3. 5   3-dimensional scatter plot of in-situ water content in MBFC (Number of data: 78) 
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The strength of improved soil was assessed by UCS testing of core samples following BS 
1377: PART7:1999. The curing times of the samples vary from 28 days to 180 days. As can 
be seen in Table 3.2, the requirement on the minimum targeted value of 28-day UCS and 
28-day Young’s modulus were 800 kPa and 150 Mpa, respectively. Table 3.3 summarized 
the variation in curing times from installation to testing in MBFC project. 
The histogram of unconfined compressive strength in cement-admixed soil in MBFC is 
shown in Figure 3.6. As can be seen, the histogram of UCS is strongly left-skewed with 
few outliers in upper-tail. The coefficient of variation (COV) of UCS in cement-treated soil 
is approximately 0.416, which is higher than the COV reported by Honjo (1982), Kawasaki 
et al. (1984) and Namikawa and Koseki (2013), but is within the range of COV reported by 
Lee (1997) and Bruce et al. (2013).  
Table 3. 3 Summary of curing durations from soil column installation to core sampling tests in 
MBFC site 
 28 – 50 days 50 – 100 days 100 – 150 days >150 days 
Percentage 0.4% 88% 4% 8% 
Sample size 1 204 9 18 




Figure 3. 6 Histogram of UCS of cement-treated marine clay in MBFC  
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3.2. Marina One  
The Marina One site is adjacent to the MBFC site. Its in-situ soil profile is similar to that of 
the MBFC site. The ground improvement zone is consisted of four equal-sized areas around 
a tower block (see Figure 3.7), overlying a soft clay zone from 15m to 25m in depth. As 
Figure 3.8 shows, two types of soil layers were recognized in cement-treated zone, namely 
upper marine clay layer (2A) and the lower marine clay layer (2B) below. A stiff clay layer 
separates upper and lower marine clay layers. This clay layer is considered as a part of 
lower marine clay layer in site investigation report.  
Figure 3.9 shows a three-dimensional scatter plot of in-situ water content in cement-treated 
layer. The in-situ water content in Marina One site shows a two-layer structure, decreasing 
gradually from 60% to 30% as depth increases.  
 
 
Figure 3. 7 Deep-cement-mixing testing borehole layout in Marina One project.  
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Figure 3. 8 A typical soil profile in Marina One site before ground improvement (2A: Upper marine 
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The deep soil mixing (DSM) technics has been applied in marine clay of depth from 10 m to 
25 m in approximation, by injecting slurry of Portland Blast Furnace Cement (PBFC) with a 
cement-water ratio of 1:1, to achieve an in-situ cement content of 180 kg/m
3
 in cemented 
soil columns. Compared to Ordinary Portland Cement (OPC), PBFC-mixed soil possesses 
lower strength-gain rate, but its ultimate long term strength may be higher (Lafarge, 2014). 
Other designed operational parameters are listed in Table 3.4, and the DSM jack-in-
withdrawal cycle is illustrated in Figure 3.10. 
After DSM works, core samples were tested for Unconfined Compressive Strength 
following BS 1377: PART7:1999. A typical lab report has been shown in Figure 3.11. 
Curing times of core samples from cement mixing to strength testing vary from few days to 
few months.  A summary of curing times is shown in Table 3.5.  
Table 3. 4  Designed operational parameters of DSM works in Marina One project 
No 1 2 
Cement Content 
Thickness 9 20 
kg/m3 180 180 
Litre 5343 11878 
Ton 4.02 894 
Descending  
Thickness 16 6 
Time(min) 16 6 
Speed (m/min) 1 1 
Injection  
Time(min) 20.9 46.5 
Speed (m/min) 0.43 0.43 
Flow 255 255 
Toe Time(min) 4 4 
Mixing  
Time(min) 18 40 
Speed (m/min) 0.5 0.5 
Ascending  
Time(min) 16 6 
Speed (m/min) 1 1 
Total Time  74.9 102.5 
 
Description Parameter 
Diameter of DSM 1300x2 shafts 
Area of 2-shaft DSM 2.484m2 
Grout flow 354319283+-10% 
speed Normal+-10% 
Ratio 1.405+-0.03 
Water cement ratio 1:01 
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Table 3. 5 Summary of curing durations from soil column installation to core sampling tests in 
Marina One site  
 <28 days 28 – 50 days 50 – 100 days >100 days 
Percentage 17% 58% 18% 7% 
Sample size 198 665 208 78 
Total sample  size 1149 
 
 
Figure 3. 10  A schematic DSM jack-in-withdrawal Cycle in Marina One  
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Figure 3. 11    An example of core sampling report of Unconfined Compressive Strength lab test of 
cement treated soil in Marina One project. 
 
According to site investigation report, the depth of boundary between reclaimed sand-fill 
and soft marine clay layer varies from 10 m to 15 m. In this study, only the cement-treated 
marine clay is considered. Thus, cement-treated soil samples from a depth of 15 m to 25 m 
were selected for further analysis. A total amount of 1149 improved soil samples from this 
layer were selected. Similarly, in-situ moisture content of natural soil samples in depth from 
15m to 25m will be investigated later.   
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The histogram of UCS in cement–admixed soil in Marina One project is illustrated in 
Figure 3.12. Similar to UCS distribution in MBFC site, the distribution of UCS in Marina 
One is left-skewed, with a similar coefficient of variation of 0.423. 
 
 
Figure 3. 12 Histogram of UCS after cement-treatment in Marina One 
 
  
Histogram of UCS in Marina One 
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3.3. Data Processing Considerations  
As mentioned before, there are many causative factors for the spatial variation in strength of 
cement-admixed clay. It is not possible to fully isolate the effect of each factor from core 
sample test report and site investigation report. For example, curing temperature and curing 
pressure (Bruce et al., 2013) are rarely documented in engineering practice. In addition, 
uncertainties resulting from operational errors and random testing errors cannot be assessed 
from these reports. Due to the limitation of available information, these uncontrollable and 
undeterminable error sources will not be examined in this study.  
In many experimental studies on trend and auto-correlation, large amount of data were taken 
in one bore-hole with small intervals (Cafaro and Cherubini, 2002; Firouzianbandpey et al., 
2014). This facilitates study on vertical spatiality of soil property within a single bore-hole. 
However, in this case study, only about four samples were taken in each bore-hole. Hence, 
instead of local spatial variability behaviour, an averaged global spatial variability in 
vertical direction was studied by assuming weak stationary in horizontal direction. This 
assumption implies that, for modelling purpose, soil properties in all bore-holes are assumed 
to be statistically similar, but not necessarily depth-invariant. 
In such a study, it is often difficult to isolate the variation caused by one single factor while 
holding other variables constant. For example, when fitting time-strength correlation, 
variation caused by in-situ water content still exists; and vice versa. Only a lump-sum 
variation could be detected in site data. Hence, it is not surprise to see huge disparity in data. 
Moreover, regression by Least Square Method (LSM) may not be a good choice for this 
kind of data: the indicator of regression, coefficient of determination 
2R may not be 
meaningful. With presence of huge variation in data, 
2R is often too low to return a reliable 
result. Many researchers use local average method to control the variance caused by other 
irrelevant factors. Xiao et al. (2014), for instance, plotted average of measured UCS of each 
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curing time in their experimental studies. Similarly, Fenton and Griffiths (2008) proposed 
the use of local averaging to reduce variance. Thus, in first stage of data process of this 
project, local average method will be applied in regression fitting to eliminate variance 
caused by other factors.  
The location of natural soil sample taken during site investigation is not the same as the 
location of cement-admixed soil samples taken for strength testing. Hence it is not feasible 
to conduct a one-to-one mapping between in-situ moisture content and strength of improved 
soil. Instead of studying correlation between in-situ water content and soil strength directly, 
an indirect mapping method was carried out herein: the trend of in-situ water content along 
depth, and the trend of UCS along depth will be studied separately. Finally, the correlation 
between in-situ water content and UCS of cement-treated soil will be related by depth. 
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4. Site Data Analysis: Variability Analysis of 
In-situ Water Content and Time Effect on Soil 
Strength 
 
4.1. Impact of Curing Time on Soil Strength 
 
Logarithmic equation 
The logarithmic form represented by Eq.2.4 was firstly used to fit UCS in improved soil 
from the two sites. In order to reduce the variance caused by factors other than curing time, 
the algorithmic means of UCS at each curing time were plot in Figure 4.1. Fitting results 
led to 28-day equivalent UCS of 1.7 MPa and 2.2 MPa for MBFC and Marina One, 
respectively. In Eq.2.4, the normalized strength-gain path is fixed; this implies that the 
higher 28-day UCS in Marina One will also lead to a higher ultimate strength, compared to 
MBFC. This obviously ignores the differences in the strength gain patterns of Ordinary 
Portland Cement and Portland Blast Furnace Cement. As can be seen, for a curing time 
higher than 100 day, logarithmic form slightly over-estimates the strength-gain velocity in 
MBFC site, while under-estimating the strength-gain rate in Marina One site.  
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(b) MBFC 
Figure 4. 1 Normalized average UCS versus curing time fitted by logarithmic form in Eq.2.4 with 
data from (a) Marina One; (b) MBFC. Normalized average UCS refers to 𝐟𝐜 in Eqs. 2.4, the ratio of 
mean UCS over fitted 28-day equivalent UCS. σ refers to the standard deviation of UCS; and 𝝁 is the 
mean of UCS at each curing time. Fitting Equation (Eqs. 2.4): fc=0.187ln (t) +0.375 
 
 
Generalized Hyperbolic Equation 
As explained earlier, Xiao et al. (2014)’s generalized hyperbolic strength-gain model 
(Eq.2.7) can reflect the fact that the increment of strength in cement-treated soil may depend 
on other factors besides curing time.  
Based on Eq.2.7, let:             









}                                                            (4.1) 
In Eq.4.1, 𝑞1 hence is independent of time. By substituting Eq.4.1 into Eq.2.7, the 
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r                                                                  (4.2) 
The left hand side of Eq.4.2 is purely a function of 𝑞𝑢 whereas the right-hand side is purely 
a function of time. The plot of  
𝑞𝑢
𝑞1 










r  should therefore be a unit gradient 
passing through the origin; this makes it much easier to fit than a generalized hyperbolic 
curve. Parameter α and q∞  are then adjusted to find a better fitting of Eq.4.2.  
In order to reduce the variance resulting from other factors, the mean values of UCS at each 
curing time were used in the fitting of Eq.4.2. As Figure 4.2 shows, the plotted data from 
MBFC site and Marina One site are clustered along the straight line of 𝑦 = 𝑥, it indicates 
that two fittings may be acceptable. The fitted parameters for generalized hyperbolic 
equation are summarized in Table 4.1. Parameters m, n and r are chosen as 0.3, 2.92 and 0.9 
respectively, following Xiao et al. ( 2014).  
    
Figure 4. 2  Fitting of hyperbolic transformed linear Eq.4.2 by average UCS of cement-treated clay 
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Table 4.1. Parameters for strength prediction model (𝛼1 = 𝛼
𝑞1
𝑞∞





MBFC Marina One 
q∞ 20.8 15.7  Mpa 
α 1.6 0.6  Mpa/day 
r 0.9 0.9 - 
q1 2.5 4  Mpa 
α1 0.194 0.16  Mpa/day 
 
Previously we assumed that water-cement-soil proportion is uniform over the whole site. As 
Figure 3.5 and Figure 3.9 shows, there is a variation in in-situ water content ranging from 
20% to 80% over the depth of treated layers in the two sites. We can avoid the influence of 
various curing duration by normalizing UCS with 28-day equivalent value. According to 
Eq.2.7, the equivalent 28-day UCS can be calculated by setting time equal to 28 days: 















}                                           (4.3) 
Hence the ratio of  𝑞𝑢(𝑡) over 28-day UCS will only depend on α and q∞: 
𝑞𝑢(𝑡)
 q28












}⁄                                           (4.4) 
Figure 4.3 plots normalized ratio, 
𝑞𝑢(𝑡)
 q28
  versus curing time. Since soil mixed with PBFC has 
slower strength-gain rate and higher ultimate strength than soil improved by Ordinary 
Portland Cement, it is rational to choose a lower α  and higher q1 for soil model in Marina 
One where PBFC was applied.  
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Figure 4. 3   Normalized UCS versus Curing Time, fitting of generalized hyperbolic curve by average 
data from MBFC and Marina One (MO: Marina One site) 
 
q∞ is a strength parameter related to the ultimate strength of cement-treated soil. As the 
curing time t approaches infinite, qu approaches 𝑞1: 















n }                            (4.5) 









n }                                                           (4.6) 
lim𝑡→∞ qu(𝑡) = 𝑞1                                                                                   (4.7) 
Hence,  𝑞1 is equal to the long-term UCS of the cement-treated soil.  
Figure 4.4 plotted the average UCS of cement-treated soil with curing time, fitted by 
generalized hyperbolic curve with parameters listed in Table 4.1. It can be observed that 
fitted generalized hyperbolic curve can well predict the strength in long term: soil improved 
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soil treated by Portland Ordinary cement (in MBFC site) shows much smaller increment of 
strength after two-month curing.  
 
(a) MBFC site 
 
 
(b) Marina One site 
Figure 4. 4  Fitting of generalized hyperbolic curve by field data of unconfined compressive strength 
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Comparison of Fitting Results 
There are two main differences between Logarithmic relationship and generalized 
hyperbolic relationship.  
Firstly, the generalized hyperbolic curve has greater flexibility - it can be adjusted to fit 
different strength-gain rate of cement-treated soil; whereas logarithmic curve pre-assumes 
that the strength-increment is proportional to final strength. As mentioned earlier, for a 
curing period up to 60 days, Verastegui Flores et al. (2011) concluded that the strength ratio 
of soil improved by quick-hardening and slow-hardening cement follow the same 
logarithmic curve. The above analysis indicates that this may not be applicable to strength 
gain in the longer term. In contrast, in generalized hyperbolic curve, parameter α controls 
the rate of strength-gain and another independent parameter q∞ is related to the ultimate 
strength in long term while the index r allows non-linear early strength gain to be described. 
 Furthermore, the logarithmic relationship implies that, as curing time approaches infinity, 
so does the strength, which is counter-intuitive. On the other hand, the generalized 
hyperbolic curve defines a finite long-term strength q1.  
Hence, the generalized hyperbolic curve is chosen herein to describe the correlation 
between UCS and curing time.  
Eq.4.4 motivates a method for normalizing UCS to a standard UCS at a prescribed curing 
time of, say, 28 days: 












}⁄                                    (4.8) 
Figure 4.5 shows the histograms of UCS and 28-day equivalent UCS in cement-treated soil 
from the two sites. It can be seen that after normalization, the mean UCS drops by 16% and 
20% in Marina One and MBFC sites, respectively; while the kurtosis and skew-ness 
increase. This implies that the normalized 28-day equivalent strengths in cement-treated soil 
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is within a narrower range. Since the coefficients of variation do not change significantly, 
the standard deviation (i.e. coefficient of variation times mean) is decreased.  
 
(a) Marina One 
 
(b) MBFC 
Figure 4. 5 Histogram of UCS and 28-day equivalent UCS normalized by generalized hyperbolic 
curve with parameters in table. 4.1 in (a) Marina One; (b) MBFC(red: normalized 28-day equivalent 
UCS; blue: original UCS; Purple: overlapping part for 28-day UCS and original UCS) 
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4.2. Spatial Analysis of In-situ Water Content 
 
Random field theories 
Soil properties vary due to a combination of geological, environmental and physical-
chemical factors in soil formation (Phoon and Kulhawy, 1999). Spatially random soil 
property has been studied in recent years (Fenton and Griffiths, 2008; Li et al., 2005).  
A one-dimensional random process X(t) can be expressed by  following relation (Fenton 
and Griffiths, 2008): 
X′(𝑧)  =  
X(𝑧)−μ(𝑧)
𝜎𝜀(𝑧)
                                                          (4.9) 
Where: 𝑧 is a variable, representing depth in this project;  
            X(𝑧) is a random process, representing measured soil properties herein; 
           μ(𝑧) is a deterministic function giving mean soil property at z;  
            X′(𝑧) is a stationary random process with zero mean and unit variance everywhere; 
            𝜎𝜀(𝑧) is the standard deviation of residual part. 
The presence of trend, μ(𝑧) in soil properties is observed in most cases of geotechnical 
parameters. It is associated to factors in geological formation, like overburden stress and 
stress history (Srivastava and Sivakumar Babu, 2009). The trend is generally defined as 
linear function or quadratic function of single variable, such as depth. Many methods have 
been proposed to find true trend of soil properties. Trend removal by least squares 
regression is one popular choice (Srivasta et al., 2009); whereas “Cusum analysis” is 
proposed by Cafaro and Cherubini (2002) to select the best trend to obtain a sound of 
residuals.  
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Houlsby and Houlsby (2013) believe that the goal of fitting is “to distinguish the underlying 
signal - that is, the true layer structure –from the noise in the data”. As shown in Figure 4.6, 
he illustrated typical errors in trending fitting in a schematic way.  
 
Figure 4. 6  Schematic diagram of relationship between complexity of data and complexity of model 
(after Houlsby and Houlsby, 2013) 
 
A widely-hold view on soil spatial variability is the data stationarity of de-trended residual. 
In this context, weak stationarity is defined by: (1) constant mean (zero mean in  X′(𝑧)); (2) 
constant variance (constant 𝜎𝜀 , not depend on z); and (3) correlation only depends on 
separation distance rather than spatial location (Vanmarcke, 1983). Likewise, Fenton (1999) 
and Fenton and Griffiths (2008) suggested that the trend, μ(𝑧) shall be optimized to allow 
accurate representation of  𝑋(𝑧) in such a way that 𝑋′(z) could obtain zero mean and small 
variance with constant covariance structure. Similarly, Phoon and Kulhawy (1999) 
highlighted that the fluctuations of random residual shall be approximately uniform to 
satisfy the condition of zero mean (Figure 4.7).  
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Figure 4. 7 Model of variability of inherent soil (after Phoon and Kulhawy, 1999)   z: Depth 
 
Horizontal trends were observed in cement-treated soil column. Kawasaki et al. (1984) 
observed a decreasing trend of direct shear strength along radial distance in horizontal 
direction within one cement-treated column (see Figure 4.8). Similarly, Larsson (2001) 
observed a decreasing trend of Calcium Oxide concentration, along radial distance in a 
lime-cement column (see Figure 4.9). Calcium Oxide concentration is positive correlated to 
the strength of lim-cement column. However, vertical trend of variation of strength or 
properties in cement-treated soil has not been widely studied so far.  
 
Figure 4. 8    Decreasing trend of direct shear strength along radial distance in horizontal direction 
(after Kawasaki et al., 1984) 
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Figure 4. 9   Chemical analysis of Calcium Oxide concentrates in the samples from column B1: (a) 
small size; (b) medium size; and (c) large size (after Larsson, 2001). 
 
The variance of soil property,
2
x , consists of  two independent parts: variance of trend 
2
  in x direction, and variance stochastic residual 
2
 . Their relationship is shown as 
follows: 
2 2 2
x    
                                        
                           (4.10) 
Based on this variance model, Phoon and Kulhawy (1999) proposed the coefficient of 
variation as a useful dimensionless representation of inherent variability by ratio of 





                                                           (4.11) 
Since variation of residual is constant and μ(z) is the mean property trend, COV   only 
depends on depth. 
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Field data application 
Figure 3.5 and Figure 3.9 suggests that trend is relatively more prominent in vertical 
direction than in horizontal direction. Therefore, trend analysis can be conducted 
previously for the vertical direction. However, the disparity of in-situ water content in 
horizontal direction may disturb the fitting quality of vertical trend. Hence, instead of 
raw data, average in-situ water content in each depth was used to fit vertical trend in 
each soil layer.  
 
(a) MBFC site 
  
(b) Marina One site 
Figure 4. 10   Distribution of in-situ water content along depth in (a) MBFC site; (b) Marina One site.  
Fittings of trends were based on average in-situ water content at each depth.  2A: upper marine clay 
layer; 2B: lower marine clay layer. 
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 As Figure 4.10 shows, in both clay layers of Marina One site, linear correlations exist 
between the averaged in-situ water content and depth. Part of the reason could be the 
presence of residual excess pore pressure from the reclamation works. Due to the 
continuous reclamations since 1970s, the marine clay in upper layer of MBFC site has been 
experienced further consolidation caused by loading from the sand fill. As Figure 4.10(a) 
shows, rather than a straight line, a curve appears to better describe the trend of in-situ water 
content in MBFC site; this is consistent with the notion of residual excess pore pressure at 
the mid-layer region. Table 4.1 summarized statistical characteristics of water content in 
both sites before and after fitting. Residual water content is defined as the difference 
between measured water content and fitted trend. Following Phoon and Kulhawy (1999)’s 
definition, the equivalent COV (coefficient of variation) is defined as the ratio of standard 
deviation of residual water content to fitted water content at the middle of the cement-
treated layer. 
Table 4. 1   Summary of fitting results of in-situ water content, classified by soil type in improved- 
soil layer.   Data source: Site Investigation report of two sites. 
 Marina One MBFC 
 2A 2B 2A 
Sample Size 122 91 134 
Depth of whole layer(m) 12 – 40 18-48 9-30 
Depth of treated layer(m) 15-25 8-20 
In-situ water 
content in treated 
layer, 0w  
Mean 0.56 0.31 0.66 
Standard deviation 0.096 0.142 0.077 
Coeff. of Variation 0.18 0.43 0.12 
Trend of In-situ 
water content in 
treated layer, w  
Fitted trend of 
whole soil layer 
% 0.007 0.68w d    
 
% 0.0027 0.37w d    
 
2%  0.002  0.087 0.157w d d      
 
midw : value at 
middle of treated 
layer 
0.54 0.31 0.65 
 Minimum 0.40 0.24 0.47 
 Maximum 0.60 0.32 0.70 
Residual water 
content in treated 
layer , w  




0.07 0.063 0.064 
Minimum -0.19 -0.111 -0.15 








  0.13 0.20 0.10 
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Auto-correlation  
In the study of the spatial variation in the properties of cement-treated soil, the 
autocorrelation distance or scale of fluctuation is often used (e.g. Honjo 1982; Fenton and 
Griffiths, 2008). The covariance between the two values of a measured parameter (e.g. 
strength) X(z’) and X(z*) at two locations separated by a distance of  𝜏 = z*-z’ can be 
estimated (Fenton and Griffiths, 2008) as follows:  
C(𝑧′, 𝑧∗) = Cov[X(𝑧′), X(𝑧∗)]                                                                 (4.12) 
= E[X(z′) − μX(z
′)][X((z∗) −  μX(z
∗)]                                   (4.13) 
 When the covariance is large, it means that the two values are strongly correlated 
statistically. For a set of discrete data, autocorrelation is also calculated as (Fenton, 1999):         





i=1 ?̂?𝑋)(𝑥𝑖+𝐽−1 − ?̂?𝑋), j=1, 2,…, n                        (4.14) 





i=1  is the estimator of mean 𝜇𝑋. 
The auto-correlation is obtained by normalizing covariance by cross-product of the standard 
deviation at 𝑧′and 𝑧∗ (Fenton and Griffiths, 2008): 







                                                   (4.15) 
Where the standard deviation σ
X
(𝑧) is calculated as: 
                               σX(𝑧) = √
1
n
∑ (xi(𝑧) − μ̂X(𝑧))2
n
i=1                                               (4.16) 
In the study of spatial variability of soil, it is commonly assumed that the soil is spatially 
and statistically homogeneous (i.e. the statistical properties do not change from one region 
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to another), but can be anisotropic (Fenton, 1999). That implies that spatial auto-correlation 
can be simplified and de-constructed into two independently one-dimensional random 
processes, in horizontal (i.e. along x-axis or y-axis) and vertical direction (along z-axis), 
respectively. Likewise, Popescu et al. (2005) argued that mechanism of soil deposit 
formation leading to different spatial variability structure of natural soil layer in horizontal 
and vertical directions. Hence, the auto-correlation in horizontal and vertical directions 
should be considered separately.  
The scale of fluctuation (SOF) is an important indicator of strength of auto-correlation. It is 
defined as a separation distance beyond which soil properties are largely uncorrelated 
(Fenton, 1999). Table 4.2 lists six different correlation functions summarized by Rackwitz 
(2002), which are plotted in Figure 4.11. It can be seen that the performances of six models 
are quite similar in small distance, but differ around scales of fluctuations. 
Table 4. 2  One-dimensional models for correlation function and spectral density (after Rackwitz, 
2002) 𝝆: distance lag; 𝓪: Scale of Fluctuation  
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Figure 4. 11  One-dimensional autocorrelation functions and their spectral densities (after Rackwitz, 
2002). I-IV correspond auto-correlation function types in Table 4.2.  
 
 
The scales of fluctuation (SOF) of UCS in cement-treated soil have been reported variously, 
as summarized in Table 4.3. Honjo (1982) reported scale of fluctuation of UCS in cement-
treated soil from three sites ranging from 0.4 m to 4 m (See Figure 4.12) in vertical 
direction. He also concluded that cement-treated clay usually has a longer SOF than sandy 
soil.  
 
Table 4. 3  Summary on scale of fluctuation of UCS in recent papers. Some of the data were from: 
Chen, 2014 
Reference Horizontal (m) Vertical (m) Mixing type Definition 
Matsuo et al.,  1977 - 0.6-1.3 - Auto-correlation distance 
Honjo, 1982 - 0.4-4 wet Auto-correlation distance 
Navin, 2005 ~12 - wet Scale of fluctuation 
Larsson, 2005 0.5 
Widely 
scatted 
dry Scale of fluctuation 




- dry Scale of fluctuation 
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Figure 4. 12  Auto-correlation functions of shear strength in different locations. Group A: Hiroshima 
Port and Tokyo; Group B: Yokohama Port; Group C: Chiba Port. The scales of fluctuation are: 
Group A: 2.0 m -2.4 m; Group B: 1.0 m – 2.0 m; Group C: 0.4 m – 1 m (Source: Honjo, 1982)    
 
In terms of natural soil properties, Popescu et al. (2005) found that the correlation distance 
(same concept as scale of fluctuation, but follow different definition) in horizontal direction 
is around one order of magnitude larger than the one in the vertical direction. The same 
conclusion was drawn by Phoon and Kulhawy (1999). Table 4.4 cites some of typical scale 
of fluctuation in UCS and water content in inherent soil summarized by Phoon and Kulhawy.  
Table 4. 4 Summary of scale of fluctuation of natural soil property (data source: Phoon and Kulhawy, 
1999) 
Property Soil type Direction 
Scale of Fluctuation (m) 
Range Mean 
Undrained shear strength 
( Van Shear Test) 
clay 
Vertical 2.0-6.2 3.8 
Horizontal 46-60 50.7 
Undrained shear strength clay Vertical 0.8-6.1 2.5 
Water content clay 
Vertical 1.6-12.7 5.7 
Horizontal - 170 
 
As can be seen in Table 4.3 and Table 4.4, the scale of fluctuation (SOF) of natural soil 
properties is generally much larger than the SOF in cement-treated soil. Auto-correlation 
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function shall be applied to de-trended data, which represent the true inherent correlation 
structure of soil.  
SOF of original data is generally higher than the one of de-trended data. For example, 
Cafaro and Cherubini (2002) plots auto-correlation of original data and de-trended data 
from same bore-hole (Figure 4.13). Significant trend presents in original data, which result 
in an over-estimation of SOF.  
 
Figure 4. 13   Auto-correlation function for G3 lower cone profile (after Cafaro and Charubini, 2002) 
 
Field data application 
The auto-correlation functions of residual water content in both sites are plotted in Figure 
4.14. Markov autocorrelation function is selected to fit autocorrelation data from sites, 
which is in the following form:  
               𝜌(𝜏) = 𝑒
−2𝜏
𝜃                                          (4.18) 
where   is the scale of fluctuation, and  is the distance lag between samples. As can be 
seen in Figure 4.14, very few data points on in-situ water content are available to evaluate 
its vertical autocorrelation in short distance, hence data from two sites were combined into 
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one group to achieving sufficient large sample size. Combined data from two sites show that 
the vertical SOF is about 6 m, which is smaller than most core-sample intervals, hence 
measured de-trended water content data can be considered as identical and independent data 
(i.i.d) herein.  
By comparison, the horizontal autocorrelation is significantly stronger. As can be seen in 
Figure 4.14, in both sites, horizontal SOFs of residual water are approximated in scale of 
hundreds of metres, which coincides with the one measured by Phoon and Kulhawy (1999), 
where the SOF of natural water content in the vertical direction was observed to be from 1.6 
m to 12.7 m . 
 
Figure 4. 14   Auto-correlation structures of in-situ water content (θ: scale of fluctuation) 
 
Impact of In-situ Water Content on Soil Strength  
The spatial distribution of 28-day equivalent UCS in cement-treated soil is also investigated. 
As can be seen in Figure 4.15, the strength of soil is classified by colours. Compared to 
spatial distribution of in-situ water content, the distribution of UCS in improved soil is 
much more chaotic and scattered.  
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(b) Marina One 
Figure 4. 15    3-dimensional scatter plot of 28-day equivalent UCS in (a) MBFC; (b) Marina One.  
 
In order to make a comparison between in-situ water content and UCS in terms of their 
spatial distribution, vertical trend of 28-day equivalent UCS was extracted based on average 
UCS in each depth. Figure 4.16 shows the vertical trend of 28-day equivalent UCS in two 
sites. In general, the local average values of UCS in two sites fall into a narrow linear band 
which increases along depth.  
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Figure 4. 16   Trend of UCS, fitted by average UCS in each depth. (MO: Marina One) 
 
In the Marina One site, the cement-treated layer overlaps across two marine clay layers with 
significantly different in-situ water contents. However, the boundary between two marine 
clay layers cannot be clearly distinguished in UCS core strength data. In order to link UCS 
and in-situ water content, a polynomial is used herein to describe the trend of in-situ water 
content in the cement-treated layer. As can be seen in Figure 4.17, similar to UCS, the in-
situ water content decreases significantly with depth. Furthermore, the in-situ water content 
in MBFC is generally higher than that of Marina One, and cement-treated soil in MBFC is 
generally weaker than soil in Marina One. This is consistent with the notion that higher the 
































Trend of UCS in MBFC: 
UCS(Mpa) =-0.0096d2 +0.2673d+0.2809 
 
Trend of UCS in Marina One: 
UCS= 0.0048d2 - 0.1639d + 3.729 
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Figure 4. 17   Trend of in-situ water content considering data in treated- zone only.  
 
The fitted water-depth trends in Figure 4.17 are listed as follows: 
In MBFC: 
𝑤𝜇 = 0.0051 ∙ 𝑧
2 − 0,419 ∙ 𝑧 + 1.5863                                        (4.19) 
where  z is the depth in metre. For Marina One: 
      𝑤𝜇 = −0.0027 ∙ 𝑧
2 + 0.0923 ∙ 𝑧 − 0.2118                                  (4.20) 
The corresponding fitted UCS-depth relationships in Figure 4.17 are: 
In MBFC: 
       𝑞𝜇 = −0.0096 ∙ 𝑧
2 + 0.2673 ∙ 𝑧 + 0.2809                                    (4.21) 
Where qu is the UCS measured in MPa. In Marina One: 
         𝑞𝜇 = 0.0048 ∙ 𝑧
2 − 0.1639 ∙ 𝑧 + 3.729                                        (4.22) 
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In this correlation exercise, the depth z can be considered as a common variable to relating 
the in-situ water content and UCS. Based on Eqs. 4.19 – 4.22, fitted water-content-UCS-
depth relationships can be plotted as shown in Figure 4.18. The black line at left side of 
w%-UCS-Depth space is defined by Eq.4.19 and Eq.4.21, which describe the relationship of 
fitted w%-UCS-depth in MBFC. Similarly, the black dashed line at right hand side is 
constrained by Eq.4.20 and Eq.4.22 for water-strength in Marina One. The projection of 
water-content-UCS-depth relationship on the base plane is the in-situ water content-UCS 
relationship, as shown in Figure 4.19. 
 
Figure 4. 18   3D plot of fitted w%-UCS-depth relationships in treated zone 
 
As can be seen, the projected water-depth relationship is remarkably close to straight line 
(Figure 4.19). We can observe a remarkable negative linear correlation between UCS and 
in-situ water content. More importantly, the linear relationships from two sites, MBFC and 
UCS are quite consistent. This implies that although soil improvement activities in two sites 
might have used different equipment, cement type and operational parameters, a certain 
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degree of continuity nonetheless exists in the correlation between in-situ water content and 
UCS of cement treated clay. 
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5. A Two-Parameter Model for the Effect of in-
situ water content and Cement Slurry 
concentration on UCS  
In order to separate the effects of curing time and mixing ratio separately, Eq.2.7 can be re-
written as: 


















   
  











                                                                     (5.3) 

















c is the cement slurry concentration, the mass ratio of cement to cement-column; w is the in-
situ water content, defined as the mass ratio of water to soil in soil; and a is the water-
cement ratio in cement slurry. The lower power part at right hand side of Eq.5.3, wx+a is 
actually equal to  
𝑊
𝐶
 , the mass ratio of total water to cement defined in Eq.2.7; while x 
herein is equal to  
1
𝐴𝑤
 , the cement-soil ratio. Assuming that q  and   are constants for 
given type of cement and soil, the curing time is the only variable for 0q . Similarly, water-
cement ratio, a in a well-mixed cement slurry can be considered as a constant, hence the 
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variability of r results from the variability of w  and c . Eq.5.3 can be rewritten as a general 
function of c and w: 
( , )r g c w                   (5.4) 
 
Figure 5.1(a) shows the strength ratio r calculated using Eqs. 5.3 and 5.5 with fixed water-
cement ratio (a) in cement slurry as 0.9. The c-r and w-r relationships are plotted in solid 
lines in Figure 5.1(b) and Figure 5.1(c), respectively. As Figure 5.1(b) shows, the strength 
ratio calculated using Eq.5.3 increases drastically at low cement slurry concentration, which 
is counter-intuitive, since one would expect low strength with low cement-content in soil 
column. Lee et al. (2005) and Xiao et al. (2014) tested soil samples with in-situ water 
content higher than 71% and 86%, cement slurry concentration higher than 10% and 20%, 
respectively. Both of these cement slurry concentrations are not sufficiently low to allow 
this anomalous trend to be manifested. Deep mixing generally uses cement slurry 
concentrations that are well above 0.2. Hence, this anomaly does not affect Eq.5.3 when one 
is considering mean cement slurry concentration typically encountered in deep mixing. 
However, when analysing the non-uniformity in cement-treated soil column, locations with 
very low cement slurry concentration cannot be discounted and Eq.5.3 would allow these 
locations to have spurious high strength. To avoid anomalous results during strength 
distribution computation, a modified relationship was used which involves removing the 
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Eq.5.5 is plotted in solid line in Figure 5.1. Eq.5.5 predicts strength decreasing 
monotonously as cement slurry concentration declining. For cement slurry concentration 
higher than 20%, Eq.5.5 gives almost the same strength ratio of Eq.5.3. The maximum 
tolerance on difference of predicted r by Eq.5.3 and Eq.5.5 is assumed to be 0.02, which is 
drawn as a dotted line in Figure 5.1. On right side of dotted line, the value of modified r is 




(a) Contours of r, the strength ratio  as a function of w and c. r is for Eq.5.3; while modified r is 
for Eq.5.5s 
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(b) Plot of cement slurry concentration-r. r is strength ratio for Eq.5.3, while modified r is for 
Eq.5.5 (w: in-situ water content) 
 
(c) Plot of in-situ water content-r; r is strength ratio for Eq.5.3, while modified r is for Eq.5.5 (c: 
cement slurry concentration). 
Figure 5. 1  plots on in-situ water content, cement slurry concentration and r (strength ratio), 
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The fitted UCS-w relationships in Figure 4.19 were transformed and plotted as fitted r-w 
relationship in Figure 5.2. As can be seen, the measured r-UCS relationships fall in the 
range of predicted r-UCS relationships with cement slurry concentration from 0.2 to 0.4.  
 
Figure 5. 2  Relationship of Predicted r (strength ratio)and w (in-situ water content) according to 
Eq.5.3 & Eq.5.5. The fitted UCS-w relationship in Figure 4.19 was transformed accordingly and 
plotted in bold line. 
 
 
5.1. Mean and Variance Estimation 
Expanding Eq.5.3 in a Taylor series about the mean values ( , )c w  yields: 
2
1
( , ) ( ) ( ) ( , ) ( ) ( ) ( , ) ...
2!
r g c w c c w w g c w c c w w g c w
c w c w
      
                  
 (5.6) 
One can truncate Eq.5.6 to a certain order and thereby estimate the mean and variance of r 
provided that the corresponding order of moments in c and w are available. However, 
calculation of the skewness or higher order moments require a large sample size, which 
might not be available for geotechnical data from site. Thus, from a practice point of view, 
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the mean and variance in c and w can be employed to predict the mean and variance, that is 
the first and second moments, in r. This is also in line with common statistical analyses. 





( , ) 1 ( , ) 1 ( , )
( , )
2 2
cw c w c w
g c w g c w g c w
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c w c w
    
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   
   
 (5.7) 
The first-order approximate variance of r is: 
 
2 2
2 2( , ) ( , ) ( , ) ( , )2c w cw c w
g c w g c w g c w g c w
Var r
c w c w
    
      
     
      
 (5.8) 
where c  and w  are the standard deviations of c and w, respectively; cw  is the 
correlation coefficient between c and w, of which the value is zero in this study, as c and w 
are independent random variables. It shall be noted that if the second-order is to be used 
herein to approximate variance of r, the fourth-order statistics in c and w are required, which 
is usually unavailable. 
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                                         (5.10) 
The approximate mean and variance of r predicted by Eq.5.9 and Eq.5.10 involve mean and 
variation of c and w. The first and second order derivations of Eq.5.9 and Eq.5.10 in terms c 
and w are: 
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Following Xiao et al. (2014)’s study, parameters m and n in Eq.5.3 are equal to 0.3 and 2.92, 
respectively. At the MBFC site, the water-cement ratio, a in cement-slurry is 0.9 (Liu et al., 
2015). Based on data from centrifuge model tests and the deep mixing operational 
parameters for the MBFC site, Liu et al. (2015) estimate the mean and coefficient of 
variation of cement slurry concentration to be 0.28 and 0.18, respectively. Figure 5.3 also 
suggests that when in-situ water content is low (0.3 or below), r is relatively insensitive to 
the variation in cement slurry concentration. Although information on water-cement ratio 
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and cement slurry concentration is missing in Marina One site, we can make a weak 
assumption that they are consistent in two sites herein. 
This two-parameter model implies that the expectation and variation of UCS in cement-
treated soil depend on four parameters: w , c , c  and w . For example, a parametric 
study of mean prediction is investigated in Figure 5.3: Four cases were considered:  
1) Deterministic case with zero variation (Bolded black line, same as Eq.5.3); 
2) covc =0; covw =0.3 (Red dashed line); 
3) covc =0.3; covw =0 (Blue dashed line); 
4) covc =0.3; covw =0.3 (Green dashed line). 
As can be seen in Figure 5.3, when water content is high, variations in cement slurry 
concentration and water content significantly influences the predicted UCS. On the other 
hand, the influence of water content variation is not so evident at low mean water content.  
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Figure 5. 3 Predicted mean of r (Eq.5.3) in four cases: (1) 𝒄𝒐𝒗𝒄=0; 𝒄𝒐𝒗𝒘=0, same as Eq.5.3 (black 
line), (2)  𝒄𝒐𝒗𝒄  =0; 𝒄𝒐𝒗𝒘 =0.3 (Red dashed line); (3) 𝒄𝒐𝒗𝒄 =0.3; 𝒄𝒐𝒗𝒘 =0 (Blue dashed line); (4) 
𝒄𝒐𝒗𝒄=0.3; 𝒄𝒐𝒗𝒘=0.3 (Green dashed line). 
 
For same values of parameters m and n herein, the components comprising the strength ratio 
r in Eqs. 5.9 & 5.10 with in-situ water content and cement slurry concentration are shown in 
Figure 5.4. Once the mean and variance of in-situ water content and cement concentration 
are measured, Fig.5.4 offers a practical method to predict mean and variance of strength 
ratio in accordance with Eqs.5.9 and Eqs.5.10. For reference purpose, three different values 
of a, water-cement ratio of cement slurry are considered herein: 0.9, 1.0 and 1.1, 
respectively.    
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 in Eq.5.11; (b) Plot of 
𝝏𝟐𝒈(?̅?,?̅?)
𝝏𝒄𝟐
 in Eq.5.13; (c) 





in Eq.5.12; (d) Plot of 
𝝏𝟐𝒈(?̅?,?̅?)
𝝏𝒘𝟐
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Field data comparison 
In this field data comparison, the mean and COV of the in-situ water content from the two 
sites are employed here to estimate the mean and variance of the strength ratio, r by Eqs.5.9 
and 5.1, respectively. In the Marina One site, the improved soil layer consists of two clay 
layers with distinguishable water contents. Such disparity results in divergent mean and 
variance of associated r in two soil layers. Assuming that core sample were taken uniformly 
over whole improved soil layer during site investigation, the proportion of treated soil from 
two marine layers can be approximated by ratio of amount of data of in-situ water content 
from two clay layers. That is to say, in Marina One site, the “weighted UCS” of whole 
treated layer can be predicted by the sum of predicted UCS from two layers, 2A and 2B in 
proportion. In other words, the mean and standard deviation of whole site, combined  and 
combined  are derived as: 
2 2 2 2
2 2














22 2 2 2 2 2
2 22
2 2 2 2
A A B B A B
combined A B
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       (5.19)  
 
where 2 AN  and 2BN  are the sample sizes of in-situ water content data from upper and lower 
marine clay layers, respectively; while 2 A , 2B , 2 A  and 2B are mean and standard 
deviation of predicted r, strength ratio, from upper and lower marine clay layers, 
respectively.  
Eq.4.3 suggests that q0 corresponding to a curing time of 28 days, hereafter denoted by 
q0(28) is a constant value, hence mean and standard deviation of equivalent 28-day 
normalized UCS can be obtained by multiplying mean and standard deviation of r by value 
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of q0(28)  from two sites. Table 5.1 listed predicted mean and variation of 28-day equivalent 
UCS by Taylor-expansion.  
Table 5. 1  Summary of mean and variance of predicted 28-day equivalent UCS of two sites (unit of 
qu: MPa) 
  Marina One MBFC 
  2A 2B 
Mean w 0.54 0.31 0.65 
mean c 0.28 0.28 0.28 
cov w 0.13 0.20 0.10 
cov c 0.18 0.18 0.18 
Number of data for SI per soil type 
2 AN  = 42 2BN = 30 78 
Proportion of predicted r per soil type 58% 42% 100% 
Predicted R by Taylor’s 
Expansion Per soil layer 
mean 2 A  = 0.17 2B  = 0.41 
- 
COV 0.30 0.12 - 
Predicted R by Taylor’s 
Expansion 
mean combined  = 0.27 
0.12 
COV 0.55 0.30 
Predicted ( 28 )uq t day  by 
Taylor’s Expansion 
mean 2.15 1.70 
COV 0.55 0.30 
Measured ( 28 )uq t day  
mean 2.13 1.66 
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5.2. Probability Density Function of Strength Ratio 
Derivation of Probability Density Function 
Based on Eq.5.5, one can write slurry concentration c as a function of strength ratio r and 
in-situ water content w: 
( , )w g r c                       (5.20) 
The cumulative distribution function (CDF) of r, FR(r), can be defined as 
 ( ) ( , )RF r P r c w r                                 (5.21) 
where P[*] is the probability of a combination of the concentration c and in-situ water 
content w.  
Since r is an increasing function of w, Eq.5.21 can be calculated as: 
 
( , )






F r P r c w r





        (5.22) 
where ( , )CWf c w  is the joint probability density function (PDF) of c and w.  
Since the variables c and w are independent, thus we have: 
( , ) ( ) ( )CW C Wf c w f c f w                     (5.23) 
Substituting Eq.23 into Eq.5.22 yields: 
( , )




F r f c f w dcdw

 
                                                 (5.24) 
The PDF of r, ( )Rf r , can be expressed as 
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 
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dF r dg r w




                         (5.25) 
Since the function cannot be explicitly expressed, Eq.5.25 cannot be solved in a 
mathematically closed-form manner. Instead of continuous integration, the probability 
density function of r is approximated by discrete integration (see Appendix A).  
 
Truncated Normal Distribution  
The normal distribution is a widely-accepted distribution to fit the histogram of soil 
properties (Honjo, 1982; Matsuo, 2002; Usui, 2005; Namikawa and Koseki, 2013; CEN, 
2002).  However, negative values can be introduced in normal distribution since it is 
unbounded. This is meaningless for water content and cement slurry concentration since 
they are always positive. To accommodate this restricted range, the normal distribution was 
truncated to the interval [0, 2μ], where μ is the mean value (Barr and Todd, 1999). For 
distributions with low coefficient of variation, the coverage of truncated normal distribution 
will be high and that the truncation is unlikely to affect a significant number of data points 
on the upper end of the distribution. Thus, the probability density function of cement slurry 
concentration and in-situ water content, ( )Hf h , can be expressed as the truncated normal 
distribution (Elishakoff, 1999)   in the following form:  
                                      
 
in which g(h) and G(h) are the probability density and cumulative distribution functions of 
normal distribution, respectively. h herein refers to w and c. 
1
( )










for 0 <h <2μ                                                   
Otherwise                             (5.26)     
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In this study, the truncated-normal distributions of the in-situ water content and cement 
slurry concentration are two variables discussed herein to predict probability density 
function of 28-day equivalent UCS, ( 28 )uq t day . As shown in Figure 5.5, same means 
and COVs employed in previous Section 5.1 are selected to generate truncated-normal 
distribution of in-situ water content and cement slurry concentration in each soil layer: 
 
  
(a) Truncated normal distribution of in-
situ water content in MBFC site 
(b) Truncated normal distribution of in-situ 
water content in Marina One site; Solid 
line: Upper marine clay layer(2A); 
Dashed line: Lower marine clay 
layer(2B) 
 
(c) Truncated normal distribution of cement slurry concentration in two sites. 
Figure 5. 5  Distribution of input variables: (a)Truncated normal distribution of in-situ water content 
in MBFC site; (b) Truncated normal distribution of in-situ water content in Marina One site; Solid 
line: Upper marine clay layer (2A); Dashed line: Lower marine clay layer (2B) ; (c) Truncated 
normal distribution of cement slurry concentration in two sites. 
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Field data application 
In Marina One site, probability density functions (PDF) of 28-day equivalent UCS in each 
soil layers were predicted separately; following same idea of “proportional combination” in 
section 5.1, a weighted PDF of UCS is calculated by combining PDFs from two soil layers 
in proportions.  
Figure 5.6(a) and 5.6(b) compares the predicted q0(28) and the equivalent 28-day UCS 
inferred from core strength data, qu(28), in MBFC and Marina One site, respectively; Table 
5.2 summarizes statistical characteristics of UCS predicted by PDF. Comparing Tables 5.1 
and 5.2, mean and variation of UCS predicted by PDF and Taylor’s Expansion are quite 
similar. The general uniformity of results by two methods confirms the consistency between 
the two methods. 
The two-sample Kolmogorov-Smirnov test was employed to evaluate the quality of 
prediction by PDF. For a significance level α, the null hypothesis that two samples were 
drawn from same population can be rejected if the maximum difference of two cumulative 








                                                                 (5.27) 
Where 1n and 2n  are sizes of two samples. For α = 0.05 (i.e. 5% significance level), ( )c a = 
1.36; aD is equal to 0.056, 0.127 for Marina One and MBFC site, respectively. Although the 
null hypothesis in MBFC cannot be rejected, null hypothesis in the Marina One site is 
rejected at 95% confidence interval. This is due to the fact that the Marina One data set shall 
pass a  more discriminating criteria due to the larger sample size than the MBFC site.  
As shown in Table 5.2, compared to the variation of measured UCS in MBFC site, COVs 
predicted by both methods, Taylor’s Expansion and PDF, are slightly under-estimated. In 
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this soil model, only two variables, that is in-situ water content and cement slurry 
concentration, are used to predict the distribution 28-day equivalent UCS. Other factors 
which may also contribute to the total variation of strength in cement-treated soil are not 
considered. Hence, it is not surprising that, in MBFC site, the predicted COV by both 
methods is lower than measured COV of UCS. Notwithstanding this, the predicted PDF for 
the MBFC site appears to be remarkably similar to the measured PDF, at least qualitatively. 
Given the large number of variables in this problem, the agreement appears to be 
surprisingly good. 
However, the predicted COVs of UCS in Marina One site are evidently higher than 
measured COV. Over-estimation of variation probably results from “proportional 
combination” of two soil layers with largely differed means. In reality, soil portions from 
different soil layers might be mixed together in up- and-down mixing process, in such a way 
that the disparity of in-situ water content may have a smaller influence. In addition, this 
hypothesis can explain the  difference between predicted and measured PDFs: two sets of 
in-situ water content distribution bring two peaks in combined distribution of UCS; 
although real distribution of UCS has only one peak. There are many possible reasons for 
such discrepancy. One of the main reasons is that the deep mixing parameters for the 
Marina Site are assumed to be same as that for the MBFC. This includes the parameters q0, 
m and n of the UCS-cement slurry relation, which has a direct and very significant effect on 
the predicted PDF. In addition, it is quite plausible that the values of q0 are different for the 
upper and lower marine clay. 
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(a) MBFC site 
 
(b)Marina One site 
Figure 5. 6 Predicted probability density functions of 28-day equivalent UCSs by Eq.5.25 in (a) 
MBFC site; (b) Marina One site. (Measured: normalized 28-day equivalent UCS from measured site 
data; Predicted: Predicted UCS based on truncated normal distributed w with mean and standard 
deviation measured from MBFC site. 2A: Predicted UCS based on truncated normal distributed w 
with mean and standard deviation measured from upper marine clay layer; 2B: Predicted UCS based 
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Table 5. 2 Summary of predicted result by Probability Density Function (2A: Upper marine clay 
layer; 2B: Lower marine clay layer) unit of qu : MPa 
Properties Marina One MBFC 
2A 2B 
Mean of w 0.54 0.31 0.65 
mean of c 0.28 0.28 0.28 
COV of w 0.13 0.20 0.10 
COV of c 0.18 0.18 0.18 
Number of data for SI per soil type 
2 AN  = 42 2BN = 30 78 
Proportion of predicted r per soil type 58% 42% 100% 
Predicted ( 28 )uq t day  by 
PDF per soil layer 
mean 1.334 3.294 - 
COV 0.336 0.378 - 
Predicted ( 28 )uq t day  by 
PDF 
mean 2.16 1.66 
COV 0.61 0.33 
Measured ( 28 )uq t day  
mean 2.13 1.66 




 83   
 5.3 Scale of Fluctuation Estimation  











                              (5.28) 
in which cr(τ) can be calculated by  
1 2 1 2 1 2( ) ( , ;  )rc x x f x x dx dx 
 
 
                                  (5.29) 
where f is the joint PDF of UCS with spatial lag τ. The joint PDF is a function of the PDFs 
of in-situ water content and cement slurry mass fraction, in form of Eq.5.25. Again, both the 
in-situ water content and cement slurry concentration (Chen, 2011) can be assumed to 
follow the same truncated normal distribution listed in Figure 5.6. Therefore, the 
autocorrelation function in Eq.5.28 can be obtained by numerical Monte-Carlo integration, 
from which the scale of fluctuation, θr, can be calculated by definition (Vanmarcke 1983): 
0
2 ( )r r d   

                   (5.30) 
Considering the range of SOF of in-situ water content, it is reasonable to assume that the 
water content within a deep mixing / jet grouting column is constant in horizontal direction. 
In this case, the relationship between SOF of cement slurry concentration and strength ratio 
was tabulated in Figure 5.7(a), from which can be seen that the SOF is almost equivalent in 
cement slurry mass fraction and strength ratio, for both equal to 0.8 and 1.0.  In Marina One 
and MBFC sites, the minimum horizontal spacing between UCS samples is around 10 m. 
There is no observable strong correlation structure from field data. This implies that the 
horizontal SOF of UCS is probably less than 10 m.  
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In vertical direction, the in-situ water content may not be necessarily constant, and its SOF 
is likely to affect the results. Figure 5.7(b) plots the contours of SOF of strength ratio as a 
function of SOF of in-situ water content and cement slurry concentration. As the figure 
shows, the SOF of strength was dominated by that of the in-situ water content. For example, 
for SOF of in-situ water content equal to 6 m, the SOF of strength is predicted to be in the 
range of 2 m to 3 m. Figure 5.8 shows that in two sites, the vertical SOF of strength in 
cement-treated soil is observed to be about 3.3 m, which is very close to the predicted result 
in Figure 5.7(b).  
 
(a)                                                   (b) 
Figure 5. 7 Relationship among scales of fluctuation in strength ratio, r, cement slurry concentration, 
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Figure 5. 8    Autocorrelation function of unconfined compressive strength of cement-admixed soils 



































Distance lag, τ, (unit: m) 
Based on data from MBFC site 
Based on data from Marina One site 
Fitted curves with form: ζ = exp(-2τ / θ) 
θ = 3.3 m 
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6. Criteria and Sample Size of Mass Property 
Characterization  
 
The previous chapter proposed a model to predict the spatial distribution of cement-
treated soil based on cement slurry and in-situ water content variation. This chapter 
deals with monitoring and quality control. The most commonly used method of 
quality control is core strength measurement. However, there remains many aspects 
of core strength measurement which have not been studied and regularized. Chapter 
4 already dealt with the issue of curing time normalization. This chapter uses the 
field data to examine two related issues in the monitoring, which are as follows: 
(a) The number of samples which are needed to make a robustness assessment 
of the representative UCS of the treated soil mass. 
(b) A statistically robust approach to defining a representative UCS of the 
treated soil mass. 
These two may be related since different ways of defining a representative UCS may 
require different number of samples to ensure stability. 
 
6.1. Previous and Related Studies 
Distribution Fitting  
As mentioned before, the strength in cement-treated soil is highly variable. Histograms can 
vary from site to site. Many researchers proposed various forms of distributions to fit the 
histogram of UCS in cement treated soil, such as normal distribution (Honjo, 1982; Futaki 
et al., 2002; Matsuo, 2002), lognormal distribution (Fenton, 1999; Liu et al., 2008) and beta 
distribution (Harr, 1977). The probability distribution to fit the material property has a 
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significant effect on the failure probability of a structural component; two different 
probability distributions for strength are likely to result in difference in failure probabilities 
over an order of magnitude (Ellingwood, 1994). 
The normal and lognormal distributions are popular choices for the distribution fitting of 
UCS. Honjo (1982) found that in most of the cases of cement-improved soil, normal 
distribution fits well of field data of soil properties, although a few distributions with 
significant skewness cannot be well-fitted using a normal distribution. Similarly, normal 
distribution was employed in many projects of deep-cement mixing (Futaki et al., 2002; 
Matsuo, 2002; Usui, 2005) to fit the histogram of UCS. By investigating the deep-cement-
mixed soil in coast area of Japan, Namikawa and Koseki (2013) found that both lognormal 
and normal distributions can pass the distribution-fitting test of UCS at the 10% significant 
level.  
However, Schultze (1972) had noticed that UCS of many natural clays are poorly fitted by 
the normal distribution, although many other soil properties can be fitted by normal 
distribution. Fenton (1999) also pointed out that normal distribution leads to a negative UCS 
for some samples, which is obviously unrealistic. He hence proposed that non-Gaussian 
distributions like lognormal distribution and gamma distribution might be more reasonable 
to predict certain soil properties. Besides normal distribution, lognormal distribution is 
preferred for its simplicity and non-negative property. Based on the assumption that the 
water-cement ratio is lognormal-distributed, Liu et al. (2008) proposed that a lognormal 
distribution could be employed to fit the distribution of UCS of cement-treated soil by 
transforming the empirical formula Eq.2.2. Similarly, Santoso et al. (2013) drew a similar 
conclusion by following another empirical formula applicable for clay at high water content, 
which was proposed as (Miura et al., 2001): 
          qu =
A
B𝑊/𝐶
                                                                     (6.1) 
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where A and B are empirical fitted parameters, and W and C are water content and cement 
content, respectively. He also noted that according to Anderson-Darling goodness-of-fit test, 
the lognormal distribution fitted the histogram of UCS better than normal distribution 
(Figure 6.1). 
 
Figure 6. 1  Histogram of unconfined compressive strength (UCS) at 7, 28, and 91 days.  N is the size 
of data, p-value is the type 1 error from the Anderson-Darling goodness-of-fir test. (Source: Santoso 
et al. 2013)  
 
Besides the lognormal and normal distributions, the four-parameter beta distribution 
(Pearson’s Type I) can also be employed for UCS of cemented soil. Harr (1977) suggested 
that, compared with the normal distribution, the beta distribution is more consistent with 
observed properties of materials. Two main reasons were stated by Harr: (a) Symmetry is 
not required in the beta distribution; (b) It is bounded by upper limit and lower limit in beta 
distribution. Harr also noted that Lamb (1970) reported that cohesion parameter of soil 
strength is quite likely to be fitted by a skewed-beta distribution, although the central 
section of this distribution can also be approximated by a normal distribution. By modelling 
the behaviour of individual particles in uniformed soil, Kingsley (1986) proved through a 
theoretical approach that c and φ, cohesion and friction angle of drained strength 
respectively, are beta - distributed. Similarly, Popescu (2005) adapted a symmetric beta 
distribution to approximate the distribution of strength in over-consolidated soil.  
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In this study, four probability distribution functions were examined, namely, the normal, 
lognormal, Weibull and beta distributions. Table 6.2 summarized those distributions in 
fitting material properties from different literatures. The first three distributions are two-
parameter models and the beta distribution is a four-parameter model.  The Kolmogorov–
Smirnov (KS) test was used to assess the goodness-of-fit of these distributions to the field 
data.   
The details of these distributions and KS test results are summarized in Table 6.2. For the 
MBFC project, all the four distributions pass the KS test at 5% significant level; however, 
only the lognormal distribution and beta distribution pass the K-S test for the Marina One 
project at a 5% significance level. The difference in fitting results can be attributed to the 
different sample sizes of these two projects. The MBFC has 232 data points, which 
corresponds to a critical KS statistic D0 (maximum vertical difference between empirical 
and fitted cumulative distribution functions) value of 0.09 at the 5% significance level. On 
the other hand, the Marina One sample has 1149 data points, so the corresponding critical 
D0 value reduces to 0.04. That is to say, the Marina One data set shall pass a much stricter 
test than the MBFC data.  
Table 6. 1 Summary of probability distribution types on soil strength in literature reviews 
Reference Probability Distribution Material Property 
Honjo, 1982 
Normal 
UCS of cement-admixed soils 
Futaki et al., 2002 
Matsuo, 2002 
Usui, 2005 
Namikawa and Koseki, 2013 
Fenton, 1999 
Lognormal 
Griffiths et al., 2001 
Al-Naqshabandy, 2012 
Santoso et al., 2013 
Undrained shear strength of soils 






Liu et al., 2014 UCS of cement-admixed soils 
Trustum and Jayatilaka, 1983 
Weibull 
Strength of brittle material   
Department of Defense, 2002 Composite material strength 
Zureick et al. 2006 Properties of fiber-reinforced polymer 
CEN, 2002 (Eurocode 0) Lognormal or Weibull 
Material and structural resistance 
parameters 
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Distribution Parameters MBFC Project
 
Marina One Project 
 Sample size 232 1145 
                 Critical D0 at 0.05 significance level        0.09 0.04 
Normal Variable Range x      (unit:  Mpa) 









   
   
 
 Fitted Parameters μ = 1.67; σ = 0.71 μ = 2.14; σ = 0.94 
 D0 
#
 0.0818 0.1083 
Lognormal Variable Range 0 x   (unit:  Mpa) 










   
   
 
 Fitted Parameters λ = 0.43;  ξ = 0.39 λ = 0.67;  ξ = 0.41 
 D0 0.0395 0.0383 
Weibull Variable Range 0 x  (unit:  Mpa) 







      
      
      
 
 Fitted Parameters α = 1.88; β = 2.46 α = 2.42; β = 2.39 
 D0 0.0733 0.0872 
Beta 
*
 Variable Range a x b   (unit:  Mpa) 
 PDF  fX(x) 1 1
1
( ) ( )
( )
B( , ) ( )
p q
X p q
x a b x
f x






, where  
1 11
0
B( , ) 1 d
qpp q t t t
   
Fitted Parameters p = 2.35; q = 11.2 
a = 0.56; b = 6.94 
p = 1.42; q = 8.48 
a = 0.67; b = 8.28 
D0 0.0322 0.0368 
Note: Field data were normalized to 28-day values for both projects to eliminate time effect.  
#
 D0 is a Kolmogorov–
Smirnov statistic representing the maximum vertical difference between empirical and fitted cumulative distribution 
functions.
  *
 Four parameters of the Beta distribution in fitting a data set were determined based on the method in Liu 
et al. (2006).  PDF = probability density function. 
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Amongst four distributions, the beta distribution also yields minimal D0 value in KS test for 
both projects. That implies that the beta distribution fit the distribution of 28-day normalized 
UCS from sites better than the other three distributions. In addition, the upper and lower 
bounds of the beta distribution is intuitively more meaningful, since the lower bound of 
UCS in cement-treated soil should be greater than zero and the upper bound strength must 
remain finite. For above-mentioned reasons, the UCS was assumed to follow the Beta 
distribution (see Figure 6.2) hereafter.  
 
(a) MBFC Project                              (b) Marina One Project 
Figure 6. 2 Histograms of unconfined compressive strength and fitted probability density function 
(PDF). COV = coefficient of variation. Fittings of PDF were based on histograms after normalization. 
 
Characteristic value and robust criteria 
Due to the inherent heterogeneity and spatial variation of soil structure, the strength of 
cement-admixed soil adopted in design is often several times lower than the laboratory-
measured strength using the same mix proportion (e.g. Chew et al., 2004).  Various criteria 
for determining the design strength from core sample data can be found in literature and 
practice. Currently in Singapore, public agencies (e.g. LTA, 2010) often require that the 
strength of all of the tested cores must not be lower than the design strength. This is 
equivalent to using the sample minima as the design strength. 
 92   
Alternatively, the specified strength is determined as a low-value percentile, typically 5% to 
10%, of all the core sample data (e.g. Bertero et al., 2012; Bruce, 2013). In particular, the 5% 
quantile in the lower tail of the distribution function is adopted by Eurocode 7 (CEN, 2004) 
to determine the characteristic value of a material property with spatial variation.  
The characteristics values of geotechnical data are adapted in Eurocode 0 (CEN, 2002) to 
determine the design value of a material property with spatial variation. This characteristic 
value is determined from the core sample data by subtracting a multiple of the standard 
deviation from the mean strength (e.g. Futaki and Tamura, 2002, Bond et al., 2013): 
Xk =  Xm(1 − knVx)                                                           (6.2) 
where  Xm is the mean value of measured property, Vx is the coefficient of variation, 
and kn  is a statistical coefficient depending on size n,  the probability of  X  and 
whether  Vx  is known. Schneider (1999) suggested setting kn  in Eq.6.2 as 0.5 for 
undrained shear strength so that 
     cu,m,k = cu,m − 0.5scu                                                       (6.3) 
cu,m,k  is the characteristic value; cu,m  is the mean value of samples; scu                                                        
is the standard deviation. Schneider proposed that Eq.6.3 had been proven its simplicity and 
workability in practise since its first trial in 1989.  
The second criterion (i.e. percentile criterion) is actually an alternative form of the third 
criterion (i.e. mean-COV criterion), in that tolerable percentage in the former can be 
expressed in the form of the latter by adjusting the multiple of the standard deviation. For 
example, in Figure 6.3, the 5% lower quantile of normal distribution is mathematically 
equal to the third criterion by setting the multiple of standard deviation kn  to 1.65 (Bond 
and Harris, 2008) . Both the second and third criteria can be also unified in the framework 
of reliability-based design with the concept of reliability index (Sivakumar Babu and 
Srivastava, 2011). 
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Figure 6. 3   The normal distribution of strength (after Bond et al., 2008).  The left dash line 
represents the inferior characteristic value, which is equal to the 5% lower quantile (criterion 2), as 
same as the third criterion by adjusting the multiple of standard deviation 𝐤𝐧  to 1.65.  
 
6.2. Robustness of Criteria 
The three criteria for evaluating design value are as follows: 
 Criterion 1: Minima of core sample data 
 Criterion 2: Low-value percentile 
 Criterion 3: Mean-standard-deviation linear combination 
Criterion 3 can be expressed as: 
z h S                                                                   (6.4) 
in which z is the design strength; μ and S are the mean and standard deviation of sample, 
respectively; and h is a reduction coefficient. 
The test is conducted by randomly selected sub-sets of different sizes out of the two data 
sets and then calculating the design strength using the three criteria above. By repeatedly 
and randomly re-selecting different sub-sets from the two data sets, different design 
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strengths will be obtained.  For a given criterion, a coefficient of variation (COV) of the 
design strength can thus be calculated; this can be used  as the criterion to compare the 
robustness of different criteria; the smaller the COV of the design strength, the more robust 
is the criterion. This method of randomly selected sub-sets of samples with replacement (i.e. 
placing the sampled data back into the overall data set prior to re-sampling) is equivalent to 
the statistical method of “bootstrapping” (Efron, 1979). The underlying condition for using 
the bootstrapping method is that the sample (i.e. field data in this study) should comprise 
independent and identically distributed data, this might not be fully satisfied because the 
existence of autocorrelation. However, previous study shows that the autocorrelation in the 
field data herein is not significant. Bearing this in mind, the bootstrapping method was used, 
and the repeated sampling number was set as 3000 for each resampling test. 
In this study, the 28-day equivalent UCS datasets from the two sites were randomly re-
sampled with replacement by bootstrapping method (Appendix B). The resampling process 
was repeated for 3000 times, so that 3000 design values was obtained for each criterion, 
from which the COVs of design values can be calculated.  
Figure 6.4 illustrates the COVs of these three criteria against various sample sizes, where 
Criteria 2 and 3 adopt 5th (10th) percentile. As the figures show, compared to other two 
criteria, Criterion 1 yields the largest difference in COVs of two sites. For the Marina One 
data set, the COVs in Criterion 1 is much higher than the COV for the other two criteria. On 
the other hand, for the MBFC data, the calculated COV using all the criteria are very close.  
The phenomenon indicates that Criterion 1 is more sensitive to the sample size than other 
two criteria. That is to say, for a given resampling size (i.e. n in Figure 6.5), the minima of 
randomly resampled data sets from a larger data pool (i.e. field data from Marina One site) 
is likely to have a larger variation. In contrast, Criteria 2 and 3 yield more stable results: the 
calculated values are more consistent for the data from both sites. Table 6.3 summarizes the 
necessary sample size for Criteria 1 - 3 to achieve certain values of COV in results based on 
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the two field data sets, where the sample size for the larger COV was chosen for a 
conservative consideration. 
  
(a)                                                                     (b) 





 percentile. (For Criterion 3, h was so chosen that the probability of data being 
approximately equal to the corresponding percentile.) 
 
Table 6. 3    Recommendations in sample size based on maximum tolerable COVs.  
 
The reliability of Criterion 1 may depend on the distribution of lower percentile end of the 
data set. Table 6.4 lists the smallest 10 data points of two sites in order. In both sites, first 
three data are smaller or equal to 0.7 Mpa. That us to say, in MBFC site, there is a 
probability of 3/232 to get the value under Criterion 1 not higher than 0.7 Mpa at each 











Sample Size, n 
Criterion 1: Minima of core sample data
Criterion 2: Low-value (10th) Percentile
Criterion 3: μ - h∙S 
Short Curves: based on MBFC 













Sample Size, n 
Criterion 1: Minima of core sample data
Criterion 2: Low-value (10th) Percentile
Criterion 3: μ - h∙S 
Short Curves: based on MBFC 
Long Curves: based on Marina 
One  
Type of criteria 
Minimum sample size 
COV = 0.1  COV = 0.05 
Criterion 1: Minima of core sample data 100 415 
Criterion 2: Percentile 
5
th
 45 205 
10
th
 45 145 
Criterion 3: μ - h×σ 
h = 1.1 (~ 5
th
 percentile) 65 270 
h = 1.0 (~ 10
th
 percentile) 45 200 
Note: COV = coefficient of variation, which was used herein for the variables calculated by the 
three criteria. 
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Hence, in small sample size, the resample obtained from MBFC site data is of a higher 
probability to get a lowest value close to lower limit.  









In order to determine the impact of low-end outliers on the robustness of the three criteria, 
an additional outlier point was artificially added into each of the data sets from MBFC and 
Marina One sites to change the distribution of lower tail.  Three data points of 200 kPa, 400 
kPa and 600 kPa were considered to represent weak zones with different degrees of defects 
in an improved ground. At each time, only one of them was added in the field data sets to 
ensure the outlier point accounting for a very small portion of the data volume. Figure 6.5 
and Figure 6.6 illustrate the results from data sets from MBFC and Marina One sites, 
respectively, where the 5
th
 percentile was chosen for Criteria 2 and 3. As the figures show, 
Criterion 1 is affected significantly by the additional outlier data point; the influence is more 
evident with a smaller outlier.  It is attributable to the fact that this criterion only considers 
the minimum of a data set but the added data point may not be necessarily sampled in every 
resampled data set. In contrast, Criteria 2 and 3 yield consistent results regardless of the 
value of the added data point, since one data point is unlikely to affect the mean and 
standard deviation significantly.   
 
 MBFC Site 
(Unit:  Mpa) 
Marina One Site 






1 0.76 0.62 0.97 0.68 
2 0.82 0.65 0.98 0.69 
3 0.83 0.68 0.99 0.7 
4 0.9 0.72 1.02 0.73 
5 0.91 0.72 1.03 0.74 
6 0.92 0.72 1.03 0.76 
7 0.94 0.73 1.03 0.76 
8 0.96 0.75 1.03 0.77 
9 0.98 0.77 1.04 0.77 
10 0.99 0.77 1.04 0.8 
Note: 
* 
A = after normalization; B = before normalization 
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Figure 6. 5   Robustness comparisons among different criteria subjected to an additional point in data 
set from MBFC project. (left) Criterion 1, (middle) Criterion 2 under 5
th
 percentile and (right) 
Criterion 3 with h = 1.1.  
 
 
Figure 6. 6 Robustness co Mparisons among different criteria subjected to an additional 
point in data set from Marina One project. (left) Criterion 1, (middle) Criterion 2 under 5
th
 
percentile and (right) Criterion 3 with h = 1.1. 
 
In summary, comparison of non-parametric bootstrapping estimation using the three criteria 
shows that Criterion 1 is most sensitive to the low-end of the distribution, especially on 
single extremely low outlier. In contrast, the results obtained using Criteria 2 and 3 are more 
stable.  In addition, Criterion 1 may yield over-conservation design values especially in 
large sample size since it treats the whole cement-treated domain as weak as the weakest 
point. It may be noted in this regard that some guidelines (e.g. Bruce et al., 2013) permit a 
certain percentage of test results to be lower than the design strength, that is, adopting 
Criteria 2 or 3.   
With an additional point: 200 kPa With an additional point: 400 kPa
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6.3. Further modifications on robust criteria 
Modified Criterion 1 
When choosing the sample-minima type of design criterion, it is widely accepted that the 
strength should have a non-negative lower bound. Similarly in this case, the minimal 
strength in cement-treated soil should be equal to or greater than that of natural soil.  
Based on an ordered sample (i.e. X1 < X2 … < Xn) of a random variable, x, the following 
formula can be used to estimate the lower bound of the variable (Robson and Whitlock, 
1964): 
 0 1 2 1
1




                                                        (6.6) 
where X0 denotes an “estimated” lower bound of x; X1 and X2 are the lowest and second 
lowest values in the ordered sample; α is the confidence level. A schematic demonstration 
of Eq.6.6 is illustrated in Figure 6.7.  Since   is a value between 0 and 1, the estimated 
lower bound is always smaller than the minimum of sample data, X1. This is physically 
reasonable, because the minimum of sample data is always higher that of the corresponding 
population-n and the degree of overestimation decreases as the sample size increases. For 
the extreme case where sample size tends to infinitely large, both X1 and X2 converge in 
probability towards the lower bound; that is, the minimum of sample data is consistent with 
that of the corresponding population. In this study, instead of the minimum value X1, the 
lower bound X0 is suggested to be used as modified Criterion 1 so that the confidence lower 
can be accounted for. 
Following Zureick et al. (2006), the confidence level α in Eq.6.6 could be chosen as 80%.  
This level is lower than the suggested confidence level of 95% by Eurocode 7 (CEN, 2004), 
which is recommended to determine the characteristic value of a geotechnical parameter. 
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Eurocode 7 states that “… a cautious estimate of the mean value is a selection of the mean 
value of the limited set of geotechnical parameter values, with a confidence level of 95% …”.  
 
Figure 6. 7   A schematic demonstration on determination of lower bound for random variable 
according to Eq.6.6. 
 
By adapting Eq.6.6, both the sample size and confidence level of design value can be 
considered by adopting X0 as the design value.  The concept of the “bootstrap” can be used 
again as for illustration purpose: by randomly sampling with replacement from the 1145 
data points from the Marina One site, the estimator X0 can be calculated from each re-
samples with different number of data points, ranging from 30 to 1000. The whole process 
was repeated 3000 times so that the statistical properties in X0 can be assessed. As the 
Figure 6.8  shows, the mean of estimated lower bound increases with the sample increasing 



















Sample Data Index, i 
Ordered Sample Data
X1 
Xn-1 Xn  
X2 
Estimated Lower Bound: X0 = X1 - α(X2 - X1) /(1- α) 
 
α: Confidence Level 
n 
 100   
 




Modified Criterion 2 & 3 
When a PDF is considered, the Criterion 2 and Criterion 3 can be equivalent by adjust the 
reduction coefficient h in Eq.6.4 to a prescribed percentile. In order to consider the variation 
in the random variable z in Eq.6.4, a modified form to evaluate the design value can be 
proposed: 
u'z A h                                                                      (6.7) 
where A is the data confidence factor accounting for the variation in the random variable z; 
  and σu are the population mean and population standard deviation of UCS, respectively. 
The factor A correlated with the confidence level. Figure 6.9 illustrates the basis of Eq.6.7, 
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where Φ is the CDF (Cumulative Density Function) of standard normal distribution; α is the 
confidence level; σz is the standard deviation of variable z. Substituting Eq.C.6 (see 
Appendix C) into Eq.6.8 yields 
 
2









     
 
                                     (6.9) 
Eq.6.9 implies that the data confidence factor A depends on the percentile-related h, 
confidence level α, sample size n and kurtosis of UCS κ. Based on the field data from 
Marina One site, where the sample size is relatively large, the shape parameters of the Beta 
distribution for UCS can be 1.42 and 8.48, which implies that the κ has a value of 4.3 
(Johnson and Kotz, 1970). Based on this value, Figure 6.10 tabulates the data confidence 
factor A under different conference levels. 
 
 
Figure 6.9   Illustration of modified mean-standard deviation type of criterion 
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Figure 6. 4  Data confidence factor in modified mean-standard deviation type of criterion under 
different confidence levels. 
 
 
6.4. Robustness of modified criteria based on field data  
The original and modified criteria for evaluating design strengths were applied on the 
normalized 28-day equivalent UCS data sets, with results summarized in Table 6.5.  For 
both the original and modified forms of Criteria 2, the design strengths for the Marina One 
project are approximately 15% larger than those of the MBFC project. However, the 
corresponding differences obtained from the original and modified Criteria 1 are 28% and 
78%, respectively, for the Marina One and MBFC projects. It implies that both the original 
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corresponding form of Criterion 1. The difference in these two types of criteria is probably 
due to the fact that Criterion 1 only includes one or two values (i.e. X1 and X2 in Figure  6.8), 
which is likely to vary significantly depending on these two values from case to case. On 
the other hand, the modified form of criteria always yield smaller design strengths than the 
corresponding original criteria. The reduction of design strengths in the modified criteria 
were used to account for the statistical uncertainty – the variation in the variables arising 
from insufficiently large sample sizes. For these reasons, the modified Criterion 2 would be 
recommended for evaluating design strength. 
 






















Site / Project 
MBFC Marina One 
Sample Size 232 1145 
Mean value 2.1  Mpa 2.4  Mpa 
COV 0.42 0.42 
X1 of ordered statistics (see Fig  6.8) 0.76   Mpa 0.97   Mpa 
X2  of ordered statistics (see Fig  6.8) 0.82   Mpa 0.98   Mpa 
Prescribed confidence level (see Fig  6.10) 0.8 0.8 
Prescribed percentile (see Fig  6.10) 5% 10% 5% 10% 
h (see Fig  6.10) 1.25 1.07 1.25 1.07 
Data confidence factor A (see Fig  6.10) 1.06 1.07 1.03 1.03 
Design Strengths -  Mpa  
Original Criterion 1 0.76 0.97 
Modified Criterion 1 0.52 0.93 
Original Criterion 2 1.00 1.16 1.14 1.32 
Modified Criterion 2 0.93 1.09 1.10 1.29 
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7. Conclusions 
7.1. Summary of Finding  
The key findings of this study are related to the high spatial variability in cement-treated 
soils.  
1. Influence of time between installation and core testing on the measured 
strength 
The average UCS of cement-treated soil in two sites, MBFC and Marina One were plotted 
against curing time, logarithmic form of Eq.2.4 and generalized hyperbolic curve of Eq.2.7 
were employed to fit the time-strength relationship. Based on fitting results, it was 
concluded that generalized hyperbolic curve is more flexible than logarithmic form to 
describe the behaviour of strength in cement treated soil. Generalized hyperbolic curve can 
specify long-term strength-gain rate and ultimate strength of cement-treated soil with two 
independent parameters, α and q , respectively. Eq.4.8 proposed a simplified method to 
normalize UCS in cement-treated soil in site to 28-day equivalent strength.  
In conclusion, influence of time between installation and core testing on measured strength 
can be evaluated by generalized hyperbolic relationship with flexible fitting parameters. In 
such a way that not only 28-day equivalent strength can be normalized, but ultimate strength 
of cement-treated soil can be predicted.  
 
2. Effect of in-situ water content on UCS in cement-treated marine clay 
The effect of in-situ water content on measured strength in cement-treated marine clay was 
determined by two approaches.  
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Firstly, based on fitted polynomial trends of in-situ water content and UCS in cement-
treated clay along depth, a negative linear relationship of in-situ water content and UCS of 
cement-treated clay was derived with link of depth. This fitted result is in accordance with 
theoretical derivation in Figure 5.2.  
Secondly, based on Eq.5.28, the autocorrelation of UCS can be predicted by the one in in-
situ water content and cement slurry concentration. It is observed both from site data and 
theoretical interpretation (Figure 5.7(b)) that the auto-correlation of UCS is about half of 
w’s auto-correlation in vertical direction.  
Since high in-situ water content may result in insufficient strength in cement-treated soil, 
few issues shall be aware of:  Firstly, before ground improvement, site investigation is 
essential to detect the “weak zone” with high water content. Secondly, more attention shall 
be paid to the weal zone during improvement works. Finally, in strength assessment, core 
sample shall be taken in the “weak zone”, from which the lower tail of strength often occurs.   
 
3. Strength prediction by Two-parameter model  
The prediction of strength ratio involves two variables: in-situ water content and cement 
slurry concentration. The former is one key parameter of in-situ soil condition, whereas the 
latter is related to operational control.  
Firstly, the mean and variance of r, the strength ratio is predicted by Taylor’s expansion as a 
function of mean and variance of in-situ water content and cement slurry concentration. 
Secondly, the histogram of r can be predicted by probability density function of in-situ 
water content and cement slurry concentration. Compared the predicted results to the field 
data, it shows a remarkable consistency between modelling and site observation.  
Therefore, based on the result in this field data study, this generalized hyperbolic model is 
recommended to predict and assess UCS in cement-treated soil. 
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4. Reliability of robust criteria of characteristic soil strength in small sample 
size  
Three criteria of characteristic soil strength were discussed herein: Minima of core sample 
data; Low-value percentile and Mean-standard-deviation linear combination. The first 
criterion is currently applied in Singapore, whereas the rest are recommended in Eurocode 7.  
With the help of non-parametric bootstrapping method and Mont-Carlo simulation, the 
reliability of three criteria was assessed in different sample size with field data in Marina 
One site. It is observed that Minima-type criterion is relatively sensitive to the sample size 
and distribution of low tail; whereas the percentile-type and mean-variation-type show a 
more stable performance in small sample size. In addition, modified criteria are proposed to 
improve the accuracy and reliability of assessment. Based on bootstrapping result with field 
data, criterion 2, the low-value percentile is recommended.  
 
7.2. Further Works 
The findings of this study may be limited to the field data from two adjacent sites in 
Singapore.  In future, it is better to conduct assessment on the spatial variability in cement-
treated soil in other sites, in such a way that more field information could be involved. 
The autocorrelation structure and linear trend of UCS in cement-treated soil has been 
measured from site. In future, based on measured results, a random UCS field can be 
realized in numerical simulation; hence failure mechanism in random soil model can be 
studied in random finite element method (RFEM). Based on RFEM method, reliability-
base-design can be conducted, in which safety factor can be studied in a statistical method. 
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Appendix A  Procedure for Discrete 
Integration in Probability Density Function 
Prediction  
Firstly, range of r is estimated according to Eq.5.3. The lower bound of r, minr , is estimated 
with upper limit of in-situ water content and lower limit of cement slurry concentration; 
whereas the upper bound of r, maxr , can be reached when both in-situ water content and 
cement slurry concentration are minimized.  
Secondly, the whole range of r, c and w can be approximated by a set of n discrete value 
with constant interval r , c  and w  respectively:  
min 2 3 1 max, , ,.... ,.. ,i nr r r r r r  
min 2 3 1 max, , ,.... ,.. ,i nc c c c c c  
And  
min 2 3 1 max, , ,.... ,.. ,i nw w w w w w  
In order to improve the accuracy of calculation, r  is set to 0.01, whereas c  and w are 
equal to 0.0001. 
Each ir  corresponds several sets of approximated c and w in sets:







i ik ik n
ik ik
mx mx





                                                                   (A.1) 
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Where                               
(1 ) 1





x X c w
w c
 
   
  
                                     (A.2) 
In reverse, ikc could be written as:  
1( , )ik ik ikc X x w
                                                                      (A.3) 
Where: 
1( , )ik i ikx R r w
                                                                                                  (A.4) 
 
In condition that:  1). ( , )g r w  is a one to one mapping and continuous on r; and 2). ( , )g r w  
is differentiable and 
( , )dg r w
dr
 is not equal to zero at r. We have: 








                                                                    (A.5) 
Hence, derivation of r can be expressed as:  
| | |
( , ) ( , ) ( , )
ik ik ik
ik ik ik ik ik ik
c x c
dr c w dR x w dX c w
dc dx dc
                                           (A.6) 
1( , ) ( , )C i ik C ik ikf g r w f X x w
                                                                    (A.7) 
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R i C ik W ik
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x c
f r f c f w w
dR x w dX c w
dx dc

   

                 (A.8) 
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Appendix B   Non-parametric bootstrapping  
 Perhaps the most important merit of non-parameter Bootstrapping method is its simplicity: 
provided that the data sets are representative of the population, the data set can be input 
directly without any fitting operation (Bourdeau and Amundaray, 2005). 
There two keywords in principle of non-parametric Bootstrapping: Sample and Re-sample. 
Sample is a collection of n measurements regardless of order:  1 2, ... nA y y y . Re-sample 







*{ }. Each *iy follows the uniform distribution to be equal to any jy  in the 
measurement (Davison and Hinkley, 1997): 
*( | ) 1/ ,1 ,i jP y y A n i j n                                                    (B.1) 
The quality of input data may affect the accuracy of bootstrap estimation. Firstly, the 
original input data shall be representative of its real population. If input data are biased, then 
the output is probably biased as well (Bourdeau and Amundaray, 2005). Secondly, it was 
highlighted by Phoon (2006) that the components in input dataset shall be independently 
and identically distributed (i.i.d), in such a way that every resample dataset A* is a collection 
of i.i.d. data. Previous study shows that horizontal autocorrelation of UCS in cement-treated 
soil from sites are negligible compared to horizontal distance lag between core samples, 
while vertical scale of fluctuation is around 3 m, which is shorter than most intervals 
between UCS core- samples. Hence, it is reasonable to consider the 28-day normalized UCS 
data sets from two sites as independent and identically distributed.  
Besides the quality of input data, the reliability of bootstrap resampling depends on number 
of simulations: higher the amount of repetitions, more accurate the result is. Bourdeau and 
Amundaray (2005) found that the bootstrap estimation on expectation and standard 
deviation get converged after approximately 600 simulations with sample size more than 
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200. Efron and Tibshirani (1986) suggested that a reasonable confidence interval can be 
achieved with a number of simulations in the range of 1000 to 2000. Nowadays, with the 
help of fast-developing computer technology, it is not difficult to repeat bootstrap 
simulation for thousands even ten thousand times.  In this study, number of simulations, m 
is equal to 3000 for a conservative estimation.  
One challenge in geotechnical variability estimation is the evaluation of soil properties 
using small sample statistics. In this study, number of available field datasets of 28-day 
UCS in Marina One and MBFC sites are 1145 and 232, respectively, which is significantly 
abundant comparing to the small sites. Hence, the two input datasets can be considered to be 
representative of real soil properties. In order to examining the reliability of three criteria in 
different sample size, a resampling schedule can be adopted with number of resampling set 
smaller than number of input dataset (e.g: Johnson et al., 1990; Bourdeau and Amundaray, 
2005). A schematic example of Johnson et al (1990)’s proposal is illustrated in Figure  B.1:  
 
Figure B. 1 Schematic flow diagram illustrating the resampling procedure with number of resampled 
measures smaller than number of input data, m. The number of repetition, B herein is 500 (after 
Johnson et al., 1990) 
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In this study, n data points were randomly re-sampled with replacement from each of the 
two field data sets.  In each resampled dataset 
*A , the design values corresponding to three 
robust criteria can be obtained. The procedure of resampling can be repeated for 3000 times, 
so that 3000 design values can be obtained for each criterion, from which the COVs of 
design values can be calculated. 
 
  
Appendix C Estimation of variation in 
modified criteria 2-3 
The variance of variable z in Eq.6.4 can be respectively estimated as: 
( ) ( )Var z Var h S                                                                (C1) 
Assuming the sample mean and sample standard deviation are uncorrelated, which is 
usually the case (Vlad  and Badea, 2008), yields: 
2
2u( ) ( )Var z h Var S
n

                                                       (C2) 
in which σu is the population standard deviation. On the other hand, the variance of 
2S is 
(Ang and Tang, 1975): 
4










                                                     (C3) 
in which κ is the kurtosis of the probability distribution of UCS (e.g. the kurtosis for the 
normal distribution is 3). Thus, the variance of S can be evaluated from that of S
2
 by the 
Taylor expansion. The second-order approximation of the variance of S is: 












                                                   (C4) 
Eq.C2 can be rewritten as 
2 2








    
 
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   
 
                                              (C6) 
If the PDF of UCS is chosen as the Beta distribution, then its kurtosis κ merely depends on 
the shape parameters of the Beta distribution (Johnson and Kotz, 1970); for a given pair of 
shape parameters, σz depends on the sample size n, reduction coefficient h and standard 
deviation of sample.  
To assess the PDF of z, 100 data points (i.e. n = 100) were randomly sampled with 
replacement from the 1149 data pool of the Marina One project, and the procedure was 
repeated for 1000 times so that a histogram of z can be obtained by bootstrap method. As 
illustrated in Figure C.1, the histogram from bootstrap results can be well fitted by the 
normal distribution and pass the KS test at a 5% confidence level, and thus the PDF of z can 
be reasonably assumed to follow the normal distribution. 
 119   
 
Figure C. 1 Illustration of normality of random variable z. (left) probability density function (PDF), 
(right) cumulative distribution function (CDF). 
 
 
